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" Various optimal control problem encountered in biodiesel production reactor.
" Used novel approach to solve the stochastic optimal control problem.
" Uncertainties in feed composition is considered.
" Significant improvement in profitability with the stochastic optimal control problem as compared to base cases.
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a b s t r a c t

The optimal control problem encountered in biodiesel production can be formulated using various per-
formance indices, namely, maximum concentration, minimum time, and maximum profit. The problems
involve determining optimal temperature profile so as to maximize these performance indices. This
paper presents the formulations of these optimal control problems and analyzes the solutions. Optimal
control problems involve the solution of partial or second order differential equation depending on the
method used, resulting in difficult tasks to solve due to their mathematical representation. This difficulty
becomes more challenging when uncertainty in any parameter is considered. It has been shown that the
application of maximum principle in optimal control problems provides the same results but its formu-
lation avoids the solution of second order or partial differential equations. In this work, we use the max-
imum principle to solve the problems in the deterministic case. Further, we consider uncertainty in the
feed composition and their effects on the optimal control solution.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Biodiesel is generally manufactured using batch reactors [1,2].
Some advantages are their flexibility and they are often preferred
when feedstock availability is limited (e.g. seasonal demand).
Biodiesel (methyl ester) is one of the most well-known examples
for alternative energy and it is also renewable and domestic
resource with an environmentally friendly emission profile [3].
This biofuel is derived from vegetables oils (e.g. soybean oil) and
it is produced by transesterification reaction with an alcohol (e.g.
methanol). Several factors that can affect the process in terms of
yield have been investigated. Among of these factors, the most
relevant are: the alcohol ratio, catalyst concentration, reaction
temperature, and reaction time. Ref. [4] has an excellent summary

of important aspects of biodiesel production. The economic
performance of batch processes is determined by the supply of
raw material, design of the heating/cooling system (meaning
energy requirements), productivity, and the time required to
achieve the productivity of the reaction. When analyzing the
economic estimation of biodiesel production, it has been found
that the most relevant factor of the total manufacturing cost is
the raw material, specifically, the feedstock, since corresponds to
around 80 to 90% of the total estimate production cost [5–7];
another important factor is the energy cost which compromises
5% of the total cost. The percentage of energy distribution in each
unit operation of the biodiesel process was also studied by [7].
They found that, although most energy was consumed by metha-
nol recovery with 66% of the total energy consumption, the reactor
consumed 17% of the energy. On the other hand, [2] compared the
performance of batch with continues reactors for biodiesel produc-
tion from different feedstock. In their study, they found that a sin-
gle CSTR was not capable of achieving the same productivity of
batch reactor and demands an absurdly large residence time to
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maintain the productivity. To compensate the loss in productivity
caused by the implementation of continuous reactors, they
proposed some alternatives, such as, the use of CSTRs in series,
the increase the catalyst concentration or the use of two reactors
with half size of a single CSTR but this arrangement required
enormous sizes. However, these alternatives did not favor the total
manufacturing costs. For these reasons batch reactors are
commonly used to produce biodiesel. Therefore, it is important
to optimize the performance of this unit operation and is the focus
of current endeavor.

Optimal control problems are defined in the time domain and
their solutions require establishing an optimal operation policy
that maximizes or minimizes a performance index. This optimal
operation policy is obtained using dynamic optimization tech-
niques. Due to the dynamic nature of the decision variables, opti-
mal control problems are much more difficult to solve compared
to normal optimization where the decision variables are scalars.
Optimization in batch processes can lead to different types of prob-
lems depending on the objective of the process. For instance, in
batch distillation there are maximum concentration problems
[8,9], minimum time problems [10] and maximum profit problems
[11,8]. On the other hand, papers [12–16] present optimal control
problems for batch reactors. In general, these examples address the
optimization problems to achieve the theoretical optimal temper-
ature profile since it provides useful information for designing and
controlling the reaction process.

In this paper, we study three optimal control problems in a
batch reactor for biodiesel production: maximum concentration
of methyl ester (MCP), the minimum reaction time (MTP), and
the maximum profit problem (MPP). The purpose is to find a tem-
perature control policy that can change with time using the dy-
namic optimization. To solve optimal control problems, direct
and indirect methods can be used [17]. When direct methods are
used, the problem can be discretized into partial or full discretiza-
tion depending on the level of discretization. In this case, dynamic
and NLP methods can be employed; however, since these types of
problem are large, they require large-scale NLP solvers and most of
the time they need good initial values to converge. Besides, discret-
ization methods cannot be used in stochastic systems. We propose
an alternative approach that avoids the use of these large-scales
NLP solvers. As a result, the MCP and MTP illustrated in this paper
are founded on the maximum principle theory, and the approach is
based on the Steepest Ascent of Hamiltonian, also shown in [18].
Furthermore, the MPP is solved using an algorithm that combines
the maximum principle and NLP techniques [19]. This algorithm is
an efficient approach which avoids the solution of the two-point
boundary value problem that results in the pure maximum princi-
ple or in the solution of the partial differential equations for the
pure dynamic programming formulation.

Optimal control problems become more challenging when vari-
ability or uncertainty is considered. In biodiesel production, there
are inherent uncertainties that have a significant impact on the
product quantity, quality and process economic. For example,
uncertainties with respect to the model parameters (e.g. kinetic
parameters), uncertainties in the input variables, and uncertainties
in the initial conditions such as feed composition variability. Later is
considered as uncertainty factor since the percentage and type of
triglycerides in soybean oil varies considerably. Thus, the triglycer-
ide composition existing in soybean contains five types of hydrocar-
bon chains which are: tripalmitin, tristearin, triolein, trilinolein,
trilinolein, and trilinolenin and their percentage in triglycerides
are 6–10%, 20–30%, 2–5%, 50–60%, and 5–11%, respectively [20].
This uncertainty can be modeled using probabilistic techniques,
and it can be propagated using stochastic modeling iterative proce-
dures [21]. Therefore, optimization under uncertainty in the feed
composition is also considered in this paper.

The outline of this paper is as follows. Section 2 shows the for-
mulation and mathematical model of the optimal control prob-
lems, MCP, MTP, MPP (deterministic and stochastic case)
followed by Section 3, which presents the numerical results and
discussion section. Finally, Section 4 shows conclusions of this
work.

2. Optimal control problem

The commonly used methods for solving optimal control prob-
lems include maximum principle, dynamic programming, and NLP
algorithm with ODE discretization by collocation. However, maxi-
mum [8,11] principle is preferable because avoids the solution of
partial differential equations and second order differential equa-
tions [19]. Maximum principle was proposed first by Pontryagin
and coworkers [22–24] and it has been widely used to solve a vari-
ety of optimal control problems. In the following subsections, three
different problems are shown for the case study of biodiesel pro-
duction. All of them are solved using the maximum principle. Table
1 summarizes the optimization problems presented in this paper.

2.1. Maximum concentration problem (MCP)

The formulation of the optimal control problem for maximum
concentration of biodiesel production in a batch reactor is pre-
sented in this subsection. In this problem, the objective is to max-
imize the concentration of methyl ester (biodiesel) by finding the
best temperature profile in a given reaction time (tf = 100 min).
The numerical model for biodiesel production presented here is
based on kinetic model studied by [25].

Objective function:

max J ¼
Z tf

to
k1CTGCA

¼ k2CDGCE þ k3CDGCA � k4CMGCE þ k5CMGCA � k6CGLCE

¼ CEðtf Þ ð1Þ

Subject to:

F1 ¼
dCTG

dt
¼ �k1CTGCA þ k2CDGCE ð2Þ

F2 ¼
dCDG

dt
¼ k1CTGCA � k2CDGCE � k3CDGCA þ k4CMGCE ð3Þ

F3 ¼
dCMG

dt
¼ k3CDGCA � k4CMGCE � k5CMGCA þ k6CGLCE ð4Þ

F4 ¼
dCE

dt
¼ k1CTGCA � k2CDGCE þ k3CDGCA � k4CMGCE þ k5CMGCA

� k6CGLCE ð5Þ

F5 ¼
dCA

dt
¼ � dCE

dt
ð6Þ

F6 ¼
dCGL

dt
¼ k5CMGCA � k6CGLCE ð7Þ

Table 1
Optimal Control problems in Biodiesel production.

Problem Concentration Batch
time

Objective

Maximum concentration (MCP) Free Fixed Maximize CE

Minimum time (MTP) Fixed Free Minimize tf

Maximum profit (MPP) Free Free Maximize profit
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where CTG, CDG, CMG, CE, CA, and CGL are the state variables and rep-
resent concentrations of triglycerides, diglycerides, monoglycerides,
methyl ester, methanol, and glycerol, respectively. The initial condi-
tions are: Ci(t0) = [CTG; 0; 0; 0; CA; 0] [mol/L]. The reaction constant,
ki, is expressed by

ki ¼ aie�
bi
T ð8Þ

where T is the reaction temperature (control variable), ai is the fre-
quency factor and bi = Eai/R for which Eai is the activation energy for
each component i and R is the gas constant. The maximum concen-
tration problem is solved in our previous paper [26] and detailed
information about these constants can be obtained from this paper.
This problem formulation is briefly described below.

In the maximum principle, the objective function is reformu-
lated as a linear function in terms of final values of state variables
and values of A, where Ai represents a vector of constants,
Ai = [0; 0; 0; 1; 0; 0],

max J ¼
Xn

i¼1

AiCiðtf Þ ¼ AT
1 � Ciðtf Þ ¼ CEðtf Þ ð9Þ

Moreover, the application of the maximum principle involves
the addition of n adjoint variables zi, n adjoint equations and a
Hamiltonian, which satisfies the following relations:

dzi

dt
¼
Xn

j¼1

zj
@Fi

@Ci

� �
ð10Þ

H �zt; Ct ; T
� �

¼ �zT
t F Ct ; Tt

� �
¼
Xn

i¼1

ziFi CtTt

� �
ð11Þ

where n is the number of components (6 components) and Fi is
the right hand side of differential equation for each component i
(Eqs. (2)–(7)). Eq. (11) shows the general form to obtain the Ham-
iltonian. The optimal decision vector T(t) can be obtained by find-
ing the extremum of the Hamiltonian at each time step, in other
words, applying the optimality condition dH/dT|t = 0 The maximum
principle formulation results in two point boundary value problem,
where the initial conditions for the state variables Ci are known,
but the conditions for the adjoint variables are only known at the
final boundary. In order to obtain a solution, some iterative tech-
niques including the shooting method and steepest ascent of the
Hamiltonian method can be used [11]. To reduce the computa-
tional intensity, the optimal temperature trajectory for the system
is achieved by using the approach proposed by [19,27], which uses
the maximum principle and the steepest ascent of the Hamiltonian
method. This algorithm starts with the initial guess of temperature,
T(t). Subsequently, Eqs. (2)–(7) and the differential equations re-
sulted from Eq. (10) are solved by employing the Runge Kutta Fehl-
berg method [28]. Next, the values of dH/dT at each time are
computed and then the convergence criterion (dH/dT < tolerance)
is verified. If the convergence criterion is not satisfied, the temper-
ature T(t) is updated using this gradient, in such that the updated
temperature profile improves the objective function, shown in
Eq. (12). The value of M is a suitable constant that can be small en-
ough so that no instability will result, or large enough for rapid
convergence. Fig. 1 shows the flowchart for this algorithm.

TðtÞnew ¼ TðtÞold þM
dH
dT
ðtÞ

� �
ð12Þ

2.2. Minimum time problem (MTP)

For the minimum time problem, the objective is to minimize
the batch time given a final concentration. In earlier work [26],
we have shown that fixing concentration of methyl ester, the reac-
tion time needed would be 69.5% less than it was at the maximum

concentration problem. The maximum concentration and mini-
mum time problem result in similar equations for maximum prin-
ciple, however, one more equation is introduced due to the new
state variable t (time). The formulation for the minimum time
problem is explained next.

The objective function:

min J0 ¼
Z CEðtf Þ

CEðtoÞ

dt
dCE

Z CEðtf Þ

CEðtoÞ
1

dCE

dt

�
¼ tðCEðtf ÞÞ ð13Þ

Subject to:

dCi

dCE
¼ dCi

dt

�
dCE

dt
¼ FiGi ð14Þ

where Fi are the differential Eqs. (2)–(7) and G1 can be written as:

G1 ¼
dt

dCE

¼ 1
k1CTGCA � k2CDGCE þ k3CDGCA � k4CMGCE þ k5CMGCA � k6CGLCE

ð15Þ

Therefore, this problem is subject to:

F 01 ¼
dCTG

dCE

¼ �k1CTGCA þ k2CDGCE

k1CTGCA � k2CDGCE þ k3CDGCA � k4CMGCE þ k5CMGCA � k6CGLCE

ð16Þ

F 02 ¼
dCDG

dCE

¼ k1CTGCA � k2CDGCE � k3CDGCA þ k4CMGCE

k1CTGCA � k2CDGCE þ k3CDGCA � k4CMGCE þ k5CMGCA � k6CGLCE

ð17Þ

F 03 ¼
dCMG

dCE

¼ k3CDGCA � k4CMGCE � k5CMGCA þ k6CGLCE

k1CTGCA � k2CDGCE þ k3CDGCA � k4CMGCE þ k5CMGCA � k6CGLCE

ð18Þ

F 04 ¼
dCE

dCE

¼ k1CTGCA � k2CDGCE þ k3CDGCA � k4CMGCE þ k5CMGCA � k6CGLCE

k1CTGCA � k2CDGCE þ k3CDGCA � k4CMGCE þ k5CMGCA � k6CGLCE

ð19Þ

Fig. 1. Flowchart of solution technique for maximum principle approach.
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F 05¼
dCA

dCE

¼�ðk1CTGCA�k2CDGCEþk3CDGCA�k4CMGCEþk5CMGCA�k6CGLCEÞ
k1CTGCA�k2CDGCEþk3CDGCA�k4CMGCEþk5CMGCA�k6CGLCE

ð20Þ

F 06¼
dCGL

dCE
¼ k5CMGCA�k6CGLCE

k1CTGCA�k2CDGCEþk3CDGCA�k4CMGCEþk5CMGCA�k6CGLCE

ð21Þ

F 07 ¼
dt

dCE

¼ 1
k1CTGCA � k2CDGCE þ k3CDGCA � k4CMGCE þ k5CMGCA � k6CGLCE

ð22Þ

Again, the application of the maximum principle involves the
addition of n adjoint z0i variables, n adjoint equations and a Hamil-
tonian (n, in this case is equal to 7), which satisfies the following
relations:

dz0i
dt

� �
dt

dCE

� �
dzi

dCE
¼ �

Xn

j¼1

z0j
@Fi

@Ci

� �
ð23Þ

H z0t; Ct ; T
� �

¼ z0t
T F 0ðCt; TtÞ ¼

Xn

i¼1

z0iF
0
iðCt ; TtÞ ð24Þ

For instance, to compute the adjoint variable for triglycerides
the differential Eq. (25) can be used:

dzTG

dCE
¼ dt

dCE
�zTG

dF1

dCTG
� zDG

dF2

dCTG
� zMG

dF3

dCTG
� zE

dF4

dCTG
� zGL

dF5

dCTG
�zGL

dF6

dCTG

� �

� zt

d dt
dCE

� �
dCTG

ð25Þ

The minimum time problem resulted from this formulation can
be solved using the same approach presented in Section 2.1.

2.3. Maximum profit problem (MPP)

In the previous section, it is shown the formulation of maxi-
mum concentration and minimum time problem using the maxi-
mum principle and the application of the steepest ascent of the
Hamiltonian method as the solution technique. In this section,
the maximum profit problem is formulated. This problem deter-
mines the optimum batch time and concentration of biodiesel
while maximizing the overall profit. Moreover, it is presented here
that the maximum profit problem involves the solution of the
maximum concentration problem and both the maximum concen-
tration and minimum time problems turn out to be special cases of
the maximum profit problem. The objective function for the max-
imum profit problem in the reaction section is represented by Eq.
(26) [11].

The objective function:

max J00 ¼ MEPr � BoCo

t þ ts
ð26Þ

where ME is the amount if product (kg), Pr is the sales value of the
product ($/kg), Bo is the amount of feed F (kg), Co is the cost of feed
($/kg), t is batch time (minutes) and ts is the setup time for each
batch (minutes). It can be seen that the energy term is not consid-
ered in this equation because it does not affect in the same propor-
tion as the raw material. As mentioned before, previous literature
agreed that raw material is the largest contributor to the production
cost. One possible reason is that the transesterification reactions are

exothermic, which increase the temperature of the reactor by itself,
so the energy required to heat the reactor is not significant.

In order to solve the complete optimization problem Eq. (26)
can be reformulated as:

max J00 ¼ max
ðmax MEÞpr � BoCo

t þ tS

� �
ð27Þ

where the problem is solved using two layered optimization.
Table 2 shows the information needed for profit function calcu-

lation. The amount of feed involves the quantity of methanol and
triglycerides at the beginning of the reaction while the amount
of product is the final concentration of methyl ester which is max-
imized by finding a temperature profile.

2.3.1. Solution method
As stated earlier, the maximum profit problem is solved as two

level optimization problem. This algorithm combines maximum
principle and Non-Linear Programming (NLP) techniques. The solu-
tion procedure is shown in Fig. 2. As shown in this figure, there are
two levels of optimization which are: NLP optimization at the out-
er loop with the initial value of temperatures and the inner loop
involving calculation of the maximum concentration of biodiesel.
This algorithm uses the same MCP to solve the MPP. In brief, it ini-
tializes giving the initial guess of temperature and solving the MCP
which consists on the system of differential equations for the
states and adjoint variables so the derivative of the Hamiltonian
is calculated and a new temperature profile is obtained (Level 2).
The integration and calculation of the control variable T continues
until the specific stopping criterion is met. This Level 2 is the same
as summarized in Section 2.1. Once, this criterion is reached, the
optimal temperature profile and maximum value of concentration
calculated at the given time go to level 1 to compute the objective
function (Eq. (27)), then NLP optimization technique is used to find
optimum time corresponding to the criterion that the Kuhn Tucker
error is less than an allowable tolerance (allowable Kuhn Tucker
error), at this stage the algorithm stops, otherwise, a new value
of time is updated and the level 2 takes part in the algorithm again.
This code uses SQP (Sequential Quadratic Programming) to mini-
mize ð�J00Þ. This approach was derived from the solution of optimal
control problems in batch distillation presented in [19].

2.3.2. Stochastic maximum profit problem (SMPP)
In the previous optimal control problems, it is assumed that all

the parameters and variables are known and used the determinis-
tic model. However, this is not a realistic assumption given that
there are inherent uncertainties in biodiesel feed composition.
Therefore, in this section, we formulate the stochastic maximum
profit problem (SMPP) for the biodiesel production. The objective
function in this problem is subject to fluctuations due to the

Table 2
Information for MPP.

Item Data

Raw materialsa

Soy bean oil (triglycerides) $0.62/kg
Methanol $0.320/kg

Product
Biodiesel (methyl ester) $ 3/gallon = $ 0.9/kg

Additional parameters
Biodiesel density 0.88 kg/l
Triglyceride density 885.446 kg/l
Methanol density 32.04 kg/l
Setup time (ts) 10 min
Volume 10000 l

a Refs. [3,29].
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variability in the feedstock composition. This uncertainty is repre-
sented in the variation of the soybean composition which has five
triglyceride components. In a previous work of our group [30], we
showed the uncertainty characterization and the stochastic simu-
lation for the feed stock composition of soybean oil. Now the prob-
lem is to determine the expected value of the maximum profit.
Then, the SMPP can be formulated as it is shown in Eq. (28).

Objective function for the SMPP:

max J00 ¼ E
ðmax MEÞpr � BoCo

t þ tS

� �
ð28Þ

where the values of Pr, Bo, Co and ts are the same values shown in
Table 2.

The strategy presented in Section 2.3.1 is also used for the
solution of SMPP, but in this case the static uncertainties in feed

Fig. 2. Combining maximum principle and NLP optimization techniques.

Fig. 3. Concentration profile of methyl Ester (MCP).

Fig. 4. Concentration profiles for all components of transesterification reaction.

Fig. 5. Time profile for methyl ester (MTP).
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composition are propagated through the model to obtain character-
istics of dynamic uncertainties in concentrations. These uncertain-
ties are then modeled as Ito processes and the stochastic maximum
principle is employed to solve the problem. For details of this meth-
od, please refer to [30].

3. Result and discussion

Results of the three optimal control problems in a batch reactor
for biodiesel production are shown in this section. To start with,
Fig. 3 illustrates the concentration profile of methyl ester for the
MCP. Here, we are comparing the concentration values at constant
temperature (base case 1: 315 K and base case 2: 323 K) with the
values calculated at optimal temperature profile. It can be seen
that when the optimal control temperature profile is used at
100 min of reaction time, the concentration of methyl ester reaches
its maximum value (0.7927 mol/L); while employing the base
cases 1 and 2, the maximum concentration is 0.7324 mol/L and
0.7829 mol/L, respectively. This change represents an increase on
the concentration of methyl ester of 8.24% with respect to base
case 1% and 1.25% with respect to base case 2. The increment for
the second case 2 is not significant compared to the first case since
the constant profile at 323 K belongs to the constant optimal pro-
files reported in the literature [31].

Moreover, if we fix the concentration at 0.7324 mol/L (concen-
tration reached in base case1) and use the optimal control ap-
proach to solve the minimum time problem, the reaction time

Fig. 6. Temperature profile for methyl ester. (a) Maximum concentration problem. (b) Minimum time problem.

Fig. 7. Concentration profiles for maximum profit. Fig. 9. Temperature profile comparison between deterministic and stochastic case.

Fig. 8. Temperature profile for maximum profit.

Table 3
Comparison of the optimal control problems.

Parameter Maximum
concentration

Minimum
time

Maximum
profit

Concentration of methyl
ester (mol/L)

0.7944 0.7324 0.7802

Time (min) 100 30.5 50
Profit ($/h) 103.1005 32.8868 149.8260
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obtained is 30.5 min which is 69.5% less than the original case
(100 min). Compare with base case 2, the reduction in time repre-
sents 46%. This improvement does not affect the behavior of the
other components because after 50 min of reaction time, their con-
centration values remain constants. This behavior can be seen in
Fig. 4 where the concentration profile for all components is pre-
sented after applying the optimal control approach.

Fig. 5 shows the objective function for the three cases in the
MTP. As it can be observed, after fixed the concentration of methyl
ester to 0.7324 mol/L the minimum reaction time reached is
around 30.6 min when optimal control approach is applied, while
in base cases 1 and 2 their minimum time is reached at 100 and
54 min, respectively. This confirms the results obtained from the
MCP, concluding that this problem gives the same results as the
MTP.

Temperature profile with respect to time for the case of MCP is
shown in Fig. 6a while Fig. 6b shows the same profile with respect
to concentration of methyl ester for the MTP. The first figure pre-
sents how temperature increases up to 336 K at minute 16th and
then starting to decrease until 330 K at minute 30.5th. This behav-
ior is also reflected in the concentration profile (Fig. 2) where most
part of the reaction occurs in the beginning since this reaction is
favored by the increase of temperature [32]. On the other hand,
Fig. 6b shows a different temperature profile. In this case, the tem-
perature decreases until 326 K and then it reached a value of 342 K
at final concentration of methyl ester (0.7324 mol/L). Although, the
optimal control profiles shown in this figure for the two optimal
control problems are significantly different, their results are simi-
lar showing that this problem has multiple solutions.

Fig. 7 compares the concentration profile of methyl ester using
optimal control problem with maximum profit as the objective
function with the base cases. It can be seen that at 50 min of time,
there is an increase of methyl ester concentration of 25.56% (base
case 1) and 8.50% (base case 2). Moreover, if we compute the profit
values in the MCP and MTP using Eq. (26) and compare these val-
ues with the profit value found in the MPP, there is an increment of
45.32% and 355.58%, respectively; this information is summarized
in Table 3. The results show that the MPP, which combines the
maximum concentration and minimum time problem, gives better
results than employing the problems individually. The optimal
temperature profile for MPP is presented in Fig. 8. As it is observed,
this optimal profile has higher values of temperature compare to
the MCP profile (Fig. 6a). This situation evidences what it is shown
in Fig. 7, where the production of methyl ester is favored since it
can produce more of methyl ester at the same time if constant pro-
files are used.

Another objective of this paper was to show how the uncer-
tainty in the feed composition affects to MPP. Fig. 9 presents the
optimal temperature profile comparison between deterministic
and stochastic case. Although three curves are shown in this figure,
the dashed curve is the smoothed version of the stochastic temper-
ature profile. It is observed two noticeable differences, one is that
the temperature profile from the stochastic cases (both) maintains
higher values after minute 16th, and second, the stochastic case
finishes earlier than deterministic case, i.e. around 5 min earlier.
These two characteristics are reflected in the optimal profit value.
As shown in Table 4, when the variability in the feed composition

is considered and stochastic modeling is carried out under uncer-
tainties, it has been found that there is an improvement of 6.68%
in the stochastic case as compared to the deterministic case and
a very significant improvement compare with the two base cases.
Therefore, applying optimal control under uncertainty in the feed
composition in biodiesel production (batch reaction section) can
provide a better reaction time to produce the same amount of bio-
diesel. In other words, the SMPP gives 9.992 $/h more than MPP
(deterministic case) and 148.163 $/h and 76.951 $/h more than
base case 1 and 2, respectively. It can be also seen that the profit
value using both the original temperature profile and the
smoothed curve are presented in this table, and their values do
not have significant difference. However, the smoothed tempera-
ture profile is preferred since the ease to implement the control
into the process.

4. Conclusions

The article presented three optimal control problems encoun-
tered in biodiesel production. These problems involved determin-
ing optimal temperature profile so as to maximize or minimize
performance indices, namely, concentration, time and profit. For
the maximum concentration and minimum time problem, the
maximum principle along with the steepest ascent of the Hamilto-
nian method was used as the solution technique. It was shown that
the solution of these two problems results in similar equations for
maximum principle. While in the maximum profit, the solution
technique used was based on combining the maximum principle
and NLP techniques. It was shown that the solution of maximum
profit involves the solution of maximum concentration in the inner
loop and minimum time problem in the outer loop. The maximum
profit found was 149.826 $/h. The Simulation results indicated that
the maximum profit problem gives better results than using the
maximum concentration and minimum time problem individually.
We also considered variability and uncertainty in feed composition
inherent in biodiesel production. The maximum profit problem be-
came expected profit problem. Again stochastic maximum princi-
ple and NLP optimization techniques are used to solve this
problem. It has been found that the stochastic maximum profit
problem provides 6.7% improvement over the deterministic prob-
lem and significantly greater improvement over the base cases.
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