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Abstract
Multi-agent optimization method is a nature-inspired framework that supports the cooperative search of an optimal solution 
of an optimization problem by a group of algorithmic agents connected through an environment with certain predefined 
information sharing protocol. In this work, we propose a novel heterogeneous multi-agent optimization (HTMAO) frame-
work. The proposed framework is validated using a set of benchmark problems a real-world synthesizing radioactive waste 
blending problem. The optimal radioactive waste blending problem is formulated as a mixed integer nonlinear programming. 
The total frit used for vitrification process is minimized subject to thermodynamic properties and process model constraints. 
The model simultaneously determines the optimal decisions that include the combination of the waste tanks that form each 
waste blend and the amount of frit needed for the vitrification of each waste blend. In developing the HTMAO framework, 
efficient ant colony optimization algorithms; efficient simulated annealing; efficient genetic algorithm; and sequential quad-
ratic programming solver are considered as algorithmic agents. We illustrate this approach through a real-world case study 
of the optimal radioactive waste blending of Hanford site in Southern Washington where nuclear waste is stored.

Keywords Multi-agent optimization · Radioactive waste blending · Ant colony algorithm · Metaheuristics · Heterogeneous 
multi-agent optimization framework

Introduction

Multi-agent optimization method is a nature-inspired frame-
work that supports the cooperative search of an optimal 
solution of an optimization problem by a group of algorith-
mic agents connected through an environment with certain 
predefined information sharing protocol. In general, a wide 
class of optimization problems are solved to their optimal 
solution using the gradient-based methods such as suc-
cessive quadratic programming (SQP), branch and bound 
(BB), generalized bender’s decomposition (GBD) and outer 
approximation (OA). However, these methods have limita-
tions whenever the optimization problems fail to satisfy con-
vexity, if the problem has large combinatorial explosion, or 

when the search domain is discontinuous (Diwekar and Xu 
2005).

Metaheuristic optimization strategies such as simulated 
annealing (SA) (Kirkpatrick et al. 1983), genetic algorithm 
(GA) (Holland 1975) and ant colony optimization (ACO) 
(Dorigo 1992) provide a viable alternative to the gradient-
based optimization algorithms. These standalone optimiza-
tion algorithms have a unique problem-solving capability. 
However, these algorithmic procedures can solve certain 
types of problems and may fail to progress for other class of 
problems (Siirola et al. 2003). Moreover, the metaheuristic 
algorithms do not, in general, guaranty global optimality 
and the performance often depends on a particular problem 
characteristics and parameter setting. Therefore, a major 
issue in metaheuristic algorithm development and calibra-
tion is to formulate a robust algorithm in such a way that 
maximizes the computational performance (Crainic and 
Toulouse 2003).

Multi-agent optimization (MAOP) framework provides 
a way of combining the standalone algorithmic agents in 
one platform and exploits the strength possessed by each 
algorithm. Therefore, unlike a standalone algorithm, the 
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optimization problem in MAOP framework is solved with 
algorithmic agents of diverse features. In this context and 
contrary to the standalone optimization algorithm, the 
MAOP strategy reduces the probability of getting stuck in 
local optima. The algorithmic agents could run on different 
machines or in one multicore system machine in parallel. 
Because of the collaboration among each agent through the 
global sharing memory, each agent will be initialized with 
improved findings from the previous iteration that leads 
to shorter elapsed time. Process systems involve diverse 
class of optimization problems that include discontinuous, 
nonlinear, nonconvex, integer and mixed integer nonlinear 
problems with multiple local optima solutions. Therefore, 
because of the agent pool of the framework includes agents 
of with diversified feature, MAOP framework is well suited 
to solving process system engineering problems.

In this work, we propose a heterogeneous multi-agent 
optimization (HTMAO) framework to solve a real-world 
synthesizing optimal waste blending problem. The proposed 
MAOP framework uses diversified algorithmic agents that 
include efficient ant colony optimization (EACO) algo-
rithm, efficient simulated annealing (ESA), efficient genetic 
algorithm (EGA) and gradient-based sequential quadratic 
programming (SQP). Each agent encapsulates a particular 
range of parameters. The comparison of computational per-
formance and solution quality among the standalone agents, 
homogeneous multi-agent (HMAO) and HTMAO frame-
works designed to solve large-scale discrete, continuous 
and combinatorial optimization problems are investigated. 
Computational experiments were carried out using bench-
mark problems and a real-world case study.

The rest of the paper is organized as follows: In the fol-
lowing section, the literature review and the description of 
the proposed MAOP framework are presented. In "Hetero-
geneous multi-agent optimization” section, the efficient ant 
colony algorithm; efficient simulated annealing; efficient 
genetic algorithm; and gradient-based nonlinear program-
ming (NLP) optimization solver are briefly introduced. In 
"Algorithmic agents" section, benchmark problems and 
results are presented and discussed. The synthesizing opti-
mal radioactive waste blending problem formulation is 
discussed in "Benchmark problems" section. In the same 
section, the results of the waste blending case study are pre-
sented and discussed. Finally, the concluding remarks are 
presented in "Case study: radioactive hazardous waste blend-
ing problem" section.

Literature review

MAOP framework is an optimization algorithm formulated 
by a group of algorithmic agents in a systematic way to solve 
large-scale engineering problems. In MAOP framework, 

an agent is formulated by combining the input and output 
memory, the communication protocol between the agent and 
the global sharing memory, and the algorithmic procedure. 
Therefore, an agent in MAOP is a distinct, autonomous 
software entity with capability of solving an optimization 
problem using its algorithmic procedure. An agent evalu-
ates a given task that contributes directly or indirectly to the 
advancement of its surrounding (Siirola et al. 2003). Algo-
rithmic agents are combined into a cohesive system where 
the individual agents interact through the global information 
sharing environment. This nature-inspired MAOP frame-
work exhibits both the aggregate properties of the individual 
agents, and superior properties resulting from the interac-
tion among agents through the global sharing environment 
(Siirola et al. 2003).

In the literature, multi-agent systems have been used in 
many modeling and simulation applications. Agent-based 
systems are proposed for conceptual design and synthe-
sis of chemical processes (Han et al. 1995), supply chain 
management (Julka et al. 2002a, b; Mele et al. 2007) and 
controller design (Tatara et al. 2005; Tetiker et al. 2008). 
However, concerning to multi-agent optimization for pro-
cess systems engineering problems, very few articles have 
appeared, and they are limited to small-scale problems 
(Siirola et al. 2003, 2004). Siirola et al. (2003) proposed a 
modular framework for implementing agent-based systems 
for nonconvex engineering design optimization. The results 
of their case studies show that the proposed framework to 
work well as a candidate platform for solving nonlinear opti-
mization problems. They also concluded that even without 
the need of developing an explicit policy for information 
sharing, the optimization platform could outperform any of 
the methods working as a standalone. The platform proposed 
by Siirola et al. (2003) was developed based on A-Teams 
concept by Talukdar et al. (1996). A-teams architecture is 
a set of autonomous algorithmic agents that are connected 
through a cyclic network to solve an optimization problem 
by modifying one another’s trial solutions (Talukdar et al. 
1996). Solutions from the input memory are selected and 
improved through the algorithmic procedure. Each agent 
performs three steps: select a solution from a population 
in the input memory; improve the quality of the selected 
solution by the algorithmic procedure; and then send back 
the new improved solutions into the solution population. To 
provide conducive and cooperative environment, input and 
output memories of the agents are connected with the global 
sharing environment through communication channels so 
that an agent may select the output of another agent as its 
input or it can select the best available solutions in the global 
sharing environment. The system terminates when a per-
sistent solution appears. However, in their work, the poten-
tial to use the multi-agent approach as global optimization 
strategy has been limited to small-scale benchmark problem. 
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Recently, the authors proposed a homogenous multi-agent 
optimization framework for optimal design of large-scale 
process system engineering problems. The capability of the 
proposed framework was validated using benchmark prob-
lems and a real-world case study of computer-aided molecu-
lar design (CAMD) (Gebreslassie and Diwekar 2017). The 
proposed multi-agent optimization framework is similar in 
terms of the flow of data and control structure to Gebreslas-
sie and Diwekar (2017). However, diversified algorithmic 
agents are considered to develop the proposed framework. 
The heterogeneous multi-agent framework has successfully 
integrated several agents to solve different class of optimi-
zation problems, and the result analysis indicates that the 
proposed framework to work well as a candidate framework 
for solving linear, nonlinear and mixed integer optimization 
problems.

Nuclear power is a significant global electricity contrib-
utor and produces small amount of waste but potentially 
highly radioactive hazardous wastes that require careful 
management. The customary disposal of radioactive wastes 
from the nuclear power industry is deep geological disposal 
situated many hundreds of meters underground. A geologi-
cal disposal facility (GDF) for radioactive waste is based 
upon a multibarrier system that combines a series of engi-
neered and natural barriers to isolate the wastes and contain 
the radionuclides associated with the wastes (Chapman and 
Hooper 2012). In some cases, the safety case for a geological 
disposal facility for radioactive waste considers the potential 
impact on the repository environment of permafrost dur-
ing the 1 million years following GDF closure (Busby et al. 
2015). The geological disposal of the high activity radioac-
tive begins with collecting some of the wastes from reactor 
operations, decommissioning of old nuclear facilities and 
recycling of used nuclear fuel and so on.

Radioactive waste management includes the radioactive 
waste characterization, treatment, conditioning, storage, dis-
posal and monitoring. The radioactive waste characterization 
determines the physical, chemical and radiological proper-
ties and guides to isolate radioactive wastes for reuse, to 
select treatment method, to select disposal method and also 
helps to select waste packaging for storage and disposal. The 
pre-treatment involves waste collection, isolation, chemical 
adjustment and intermediate storage. Conditioning trans-
forms the waste into a solid form suitable for handling, trans-
portation, storage and disposal. The transformation involves 
immobilization, and placing the waste into containers. The 
common immobilization methods include solidification of 
low and intermediate level radioactive waste into cement 
or polymer, and vitrification of high-level liquid waste into 
a glass matrix. The immobilized waste can be packed into 
thick-walled containers. Storage of radioactive helps to iso-
late radioactive waste from the environment, to monitor the 
waste, easy treatment, conditioning and disposal. The last 

step in the radioactive waste management is the disposal. 
The safety can be achieved by isolation using barriers around 
the radioactive wastes that restrict the release of radionu-
clides into the environment (Raj et al. 2006).

In this research, we use as a case study a real-world radio-
active waste blending and vitrification of high-level liquid 
waste into a glass matrix which is a major step in radioactive 
waste management. Blending problem optimization has been 
applied for a wide range of applications. Frohling and Rentz 
(2010) described a raw material blending for the recycling 
of ferrous wastes in a blast furnace. They consider blending 
of the residues on the operational planning level that models 
the dependency of the costs and revenues on the raw material 
blend and the thermodynamic reactions in the recycling pro-
cesses. Vasko et al. (2005) describes coal blending models 
for optimum coke making and blast furnace operation. They 
consider a mixed integer linear programming model to the 
blending of candidate coals to produce coke at a minimum 
cost and high-quality coke. Benndorf (2013) describes the 
application of efficient methods of conditional simulation for 
optimizing coal blending strategies in large continuous open 
pit mining operations. Baeza et al. (2014) described blend-
ing of industrial waste from different sources as partial sub-
stitution of Portland cement in pastes and mortars. Flowers 
and Linderman (2003) developed a goal-programming for 
hazardous waste disposal through waste blending with fuel. 
Narayan et al. (1996) formulated an optimization problem 
of a radioactive waste blending, and the problem was solved 
using a two-stage heuristic algorithm. The authors use vitri-
fication of the radioactive liquid waste to form glass matrix 
for the disposal of high-level waste at Hanford site. From the 
waste-handling-cost-reduction perspective, minimizing the 
total number of glass log produced is the key. The amount 
of glass produced can be reduced by optimal blending of the 
wastes. The optimal way to combine the waste tanks in order 
to minimize the volume of glass logs can be determined 
using an optimization of the blending model. In this paper, 
we use the proposed heterogeneous multi-agent optimization 
framework to solve the blending problem.

Heterogeneous multi‑agent optimization

The steps and detail discussion of the multi-agent framework 
is presented in Gebreslassie and Diwekar (2017), but for 
completeness of this work, the main steps are summarized 
below. The major parts of the MAOP framework include 
representation of the optimization problem, the global shar-
ing memory environment, the algorithmic agents pool, 
scheduler. The basic flow diagram of the framework is given 
in Fig. 1.

The main focus of the MAOP framework is enhancing 
the accommodation of different classes of optimization 
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problems and improving the computational efficiency. Thus, 
in this work, the MAOP framework development extends the 
diversity the algorithmic agents. The coordination mecha-
nism between agents and the global sharing memory envi-
ronment and the parallelization of the algorithmic agents are 
similar to the HMAOP. The diversity and the agents consid-
ered in this work will be described in the next sections and 
the reader can refer the previous work by the authors for 
coordination and parallelization (Gebreslassie and Diwekar 
2017).

Diversity

According to the diversity of the algorithmic agents of the 
MAOP framework, MAOP is classified as homogenous and 
heterogeneous MAOP framework. In the case homogeneous 
MAOP (HMAO), it considers agents of a similar feature 

(Gebreslassie and Diwekar 2017). Agents in HMAO frame-
work differ in terms of the algorithmic parameters and ini-
tialization. Because of the similar feature of the algorithmic 
agents, HMAO search algorithm may be successful for cer-
tain types of problems and fail to progress for other types of 
problems. To circumvent this shortcoming instead of using 
algorithmic procedures of similar feature, the heterogeneous 
MAOP (HTMAO) framework provides diverse algorithmic 
agents in the agent pool. Therefore, the HTMAO scheme 
allows combining several algorithms with diversified fea-
tures such as combining the gradient-based algorithms with 
the different class of metaheuristics in one platform. Thus, 
the strength of one algorithmic agent can be exploited to 
overcome the shortcoming of other agents for the common 
goal of getting the global optimal solution at less computa-
tional expense. (Figure 2a and b) illustrates the two MAOP 
schemes explained. The two MAOP algorithmic schemes 

Fig. 1  Generic form of multi-
agent optimization (MAOP) 
framework
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are identical in terms of the coordination and parallelism 
and differ only on the diversity of algorithmic agents. In this 
work, we are focused on the HTMAO framework. The algo-
rithmic agents considered to develop the HTMAO frame-
work are efficient ant colony algorithm (EACO) (Gebreslas-
sie and Diwekar 2017), efficient genetic algorithm (EGA) 
(Diwekar and Xu 2005), efficient simulated annealing (ESA) 
(Kim and Diwekar 2002) and a gradient-based sequential 
quadratic programming (SQP) solver from MathWorks. 
The algorithmic parameters of each agent considered can 
be viewed in the first paragraph of Results and discussion 
section and Appendix.

Coordination

The coordination mechanism implemented in this work 
resembles the HMAO platform (Gebreslassie and Diwekar 
2017) which is based on message passing between agent 
results and global sharing memory. Each agent establishes 
a specific communication protocol with the global sharing 
environment based on how it fits best to the agent specific 
needs. This protocol helps to preserve the autonomy of 
agents. Therefore, the type of message exchange between 
an agent and the global sharing memory differs from agent to 
agent. Figure 3 shows an agent in the MAOP framework that 
integrates the local input and output memories, algorithmic 

procedure and the communication protocol that channels 
the coordination between an agent and a global information 
sharing environment.

The communication protocol of an agent decides which 
solution to select and put to the input memory and which 
improved solutions to retrieved from the local output mem-
ory and post into the global sharing memory environment. 
There are some results in the local output memory which are 
not accessed by the global sharing memory. An example of 
MAOP framework that has four agents in its agent pool is 
shown in Fig. 4.

Parallelization

Most of the conventional algorithmic procedures are sequen-
tial, that is, sequences of steps are coded, and each step per-
forms a single operation. These algorithms are well suited to 
computers that operate sequentially. Although the speed at 
which sequential computers operate has been improving at 
an exponential rate for many years, the improvement is com-
ing at an increased cost. More cost-effective improvements 
are to use the parallel computers. These computers perform 
multiple operations in a single step. To solve a problem 
efficiently on a parallel computer, it is necessary to design 
the algorithm in a way to perform multiple operations on 
each step, i.e., a parallel algorithm (Siirola et al. 2003). The 

Fig. 3  An agent in MAOP 
framework
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paralleling an algorithm improves the performance of single 
and multiple processor computers (Delisle et al. 2009).

In MAOP framework, besides the message passing 
between the local and global sharing memories, there are 
two more types of communications needed to be considered. 
The first is needed to deal with the resource allocation, and 
the second is needed to handle the agent execution. These 
communications are controlled by the Matlab Job Scheduler 
(MJS) of the Matlab Distributed Computing Server (MDCS) 
from MathWorks (2014). MJS is software that coordinates 
the execution of jobs (agent/algorithmic procedure) and 
resource allocation for their task. The MJS distributes the 
tasks for evaluation to the server’s individual MATLAB ses-
sions called processors (workers). The details can be viewed 
at (MathWorks 2014; Gebreslassie and Diwekar 2017).

Algorithmic agents

The agents used in our MAOP framework are the efficient 
ant colony optimization algorithm, the efficient simulated 
annealing, efficient genetic algorithm and the gradient-based 
sequential quadratic programming method. These agents are 
briefly described below.

Efficient ant colony optimization (EACO) algorithm

Ant colony optimization (ACO) is a metaheuristic class of 
optimization algorithm inspired by the foraging behavior of 
real ants (Dorigo 1992). Natural ants randomly search food 
by exploring the area around their nest. If an ant locates 
a food source, while returning to the nest, it lays down a 
chemical pheromone trail that marks its path. This phero-
mone trail helps ants to indirectly communicate with other 
members of the ant colony to follow the path. Over time, the 
pheromone will start to evaporate and therefore reduce the 
attraction of the path. The routes that are frequently used 
will have higher concentration of the pheromone trial and 
remain attractive. Thus, the shorter the route between the 
nest and food source imply short cycle time for the ants and 
these routes will have eventually higher concentration of 
pheromone than the longer routes. Consequently, more ants 
are attracted toward the shorter paths in the future and the 
shortest path will be discovered by the ant colony (Dorigo 
and Stutzle 2004; Zacchin et al. 2006). In ACO algorithm, 
artificial ants are stochastic candidate solution construction 
algorithmic procedures that use a pheromone model and 
possibly available heuristic information of the mathemati-
cal model to improve the current solution. The artificial 
pheromone trails are means of communication among the 
artificial ants. Pheromone decay, a mechanism analogous to 
the pheromone evaporation of the real ants allows the arti-
ficial ant to forget the past history (old solutions) and focus 

on new promising search direction. Like the natural ants, by 
updating the pheromone values according to the information 
learned in the preceding iteration, the algorithmic procedure 
leads to very good and hopefully, a global optimal solution.

A review on the general outline of ant colony algorithms 
to solve discrete optimization problems and the different 
variants of ant colony optimization can be viewed at Blum 
(2005). In this review paper, it was demonstrated how ant 
colony optimization could be applied to continuous optimi-
zation problems. Diwekar and Gebreslassie (2016) proposed 
the efficient ant colony (EACO) algorithm that improves 
the performance of the conventional ACO algorithm for 
combinatorial, continuous and mixed variable optimization 
problems by introducing the random numbers generation 
based on Hammersley sequence sampling technique (HSS) 
into the conventional ACO algorithm. The initial solution 
archive diversity for continuous and mixed variable opti-
mization problems plays an important role in the perfor-
mance of ACO algorithm. The uniformity property of the 
HSS technique is exploited to avoid clustering of the initial 
solution archive in a small region of the potential solution 
space (Diwekar and Ulas 2007). Moreover, ACO algorithm 
is a probabilistic method; hence, several random probabil-
ity functions are involved in the algorithm procedure. For 
example, the transition probability that helps to choose the 
next solution component and the probability of choosing ant 
guide from the solution archive to construct and sample the 
Gaussian kernel requires random numbers. The distribution 
of the random numbers generated for the acceptance prob-
ability of a solution component affects the performance of 
the ACO algorithm. Thus, the multidimensional uniformity 
property of HSS is introduced to generate the random num-
bers and improve the computational efficiency of the ACO 
algorithm. The detail presentation of the EACO algorithms 
can be viewed in Diwekar and Gebreslassie (2016). EACO 
algorithm has been used to solve optimization problems 
of different applications: optimal design of adsorbents for 
NORM removal from produced water of natural gas fracking 
(Benavides et al. 2015), design of novel polymeric adsor-
bents for metal ion removal from water (Mukherjee et al. 
2017) and solvent selection problem based on computer-
aided molecular design (Gebreslassie and Diwekar 2015). 
The major steps in EACO algorithm are shown in Table 1.

Process system engineering optimization problems are 
subjected to equality and inequality constraints. The EACO 
algorithm handles these constraints by implementing an Ora-
cle penalty method proposed by Schluter and Gerdts (2010). 
The oracle penalty method is a generalized method capable 
of handling simple and challenging constrained optimiza-
tion problems. Moreover, it is a simple method to imple-
ment. In the oracle penalty method, the objective function is 
first transformed into an additional equality constraint. The 
objective function becomes redundant in the transformed 
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problem definition. Then minimizing the new constraint and 
minimizing the residual of the original equality and inequal-
ity constraints become directly comparable. Using a pen-
alty function, the comparability property is exploited. The 
penalty function balances its penalty weight of each side of 
the transformed objective function and the violation of the 
original constraints at each iteration. The implementation of 
the oracle penalty function can be referred in Schluter and 
Gerdts (2012).

Efficient genetic algorithm (EGA)

Genetic algorithms are search algorithms based on the 
mechanics of natural selection and genetics. The fittest string 
assemblies are combined with a structured yet randomized 
information exchange to form a search algorithm with some 
of the innovative flairs of human search (Goldberg 1989). 
Historical information is exploited by GA to direct search 
into the region of better performance within the search 

space. GAs were first developed by John Holland and his 
colleagues at the University of Michigan in the 1960s and 
1970s John Holland (1975).

GAs follows a similar analogy as simulating the survival 
of the fittest from a collection of individuals of successive 
generations. Each generation consists of a population of 
character strings that are analogous to the chromosome. 
Each represents a point in a search space. The members of 
the population of a generation are then made to go through 
a process of evolution.

• Individuals in a population compete for resources and 
mates.

• The successful individuals from the computation produce 
offspring.

• Genes from the successful individuals propagate through-
out the population so that two successful parents produce 
offspring that are better than either parent.

Table 1  EACO algorithm for mixed integer nonlinear optimization problems
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• Successive populations are called generation and each 
successive generation will become more suited to their 
environment.

Under this context, GA is an algorithm that starts from a 
population instead of a single point solution potential in the 
search space of an optimization problem and allows the pop-
ulation to evolve from generation to generation by genetic 
operators such as selection, mating and mutation until the 
stopping criteria are satisfied. The performance of GA is 
characterized by the balance between exploitation of the 
search history and exploration of the search space. Hence, 
the efficiency of GA is affected by the algorithmic param-
eters such as population size, crossover and mutation rate 
as well as the mechanism employed to generate the random 
numbers and the initial population.

The EGA flow is given in Table 2. In general, GA has five 
main components:

1. A genetic representation of solutions to the problem
2. A way to create the random numbers and the initial 

population
3. Evaluations of fitness function for individual solutions
4. Genetic operators that help to generate newly improved 

individuals

5. GAs parameter setting

The initial population P(0) can be generated randomly or 
heuristically. If it is generated randomly, sampling technique 
like the MCS and HSS methods is needed to propagate the 
initial population. In efficient genetic algorithm (EGA) (Xu 
and Diwekar 2005), the uniformity property of HSS is used 
for random number generation. EGA is found to be signifi-
cantly more efficient than the conventional GA and similar 
approach is used in this work. To generate the next gen-
eration, genetic operators recombine the old generation and 
mutate to form a new generation. Selection, crossover and 
mutation are the three operators used frequently. Selection is 
a process in which the fittest members of the current genera-
tion are copied for mating and generating the next genera-
tion. In this process, fitter solutions have a higher chance 
to contribute to the next generation, while the unfit string 
patterns are phased out. Selection plays an important role 
in exploitation, while crossover and mutation play impor-
tant roles in exploration. The crossover operator randomly 
exchanges parts of the genes of two parents to generate two 
new children. The mutation operator performs a random 
gene change. A low level of mutation serves to prevent any 
given bit position from remaining fixed indefinitely to a 

Table 2  EGA algorithm
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single value in the entire population, while a high level of 
mutation essentially yields a random search.

Termination criteria are specified as reaching the maxi-
mum number of generations or no improvement in the per-
formance of the consecutive number of generations that is 
if the evolution process has no obvious change of best indi-
viduals found for a fixed number of generations (Xu and 
Diwekar 2005).

Efficient simulated annealing

Simulated annealing (SA) is a metaheuristic optimization 
method based on the idea of statistical mechanics to approxi-
mate the global optimum of an optimization problem (Kirk-
patrick et al. 1983). In physical annealing, all atomic parti-
cles arrange themselves in a lattice formation that minimizes 
the amount of energy in the substance, provided the initial 
temperature is sufficiently high, and the cooling is carried 
out slowly. SA interprets slow cooling as a slow decrease in 
the probability of accepting worse solutions as it explores 
the solution space. Accepting worse solutions is a fundamen-
tal property of metaheuristics because it allows for a more 
extensive search to find the optimal solution.

At each temperature T, the system is allowed to reach 
thermal equilibrium, which is characterized by the prob-
ability of being in a state of equilibrium with energy E given 
by the Boltzmann distribution function:

where 1/Z is a normalization factor and kB is Boltzmann’s 
constant (1.3806 × 10−23 J/K). At each temperature level, 
the system should follow Markovian moves, where the next 
move is only dependent on the current position and not the 
previous ones.

In SA, the goal is to minimize the energy state (the objec-
tive function). Simulating the behavior of the system then 
becomes a question of generating a random perturbation that 
displaces a current configuration (moving from current solu-
tion to a new solution). If the configuration Snew, represent-
ing a set of decision variables that result from the moves, 
has a lower energy state, the move is accepted. However, if 
the move leads to a higher energy state, the move is accepted 
according to the Metropolis criterion that is given by van 
Laarhoven and Aarts (1987).

Accepted if

where Aij is the acceptance probability for generating con-
figuration j from the current configuration i. The uphill 

(1)prob(E) =
1

Z
exp

(

−
1

kB

E

T

)

(2)

prob ≤ Aij =

{

exp
(

−
ΔE

T

)

if ΔE = Ej − Ei ≥ 0

1 Otherwise

}

∀i.j ∈ S

moves can be accepted if a random probability (Prob) is 
less than or equal to Aij. The Metropolis criterion implies 
that, at high temperatures, a large percentage of uphill moves 
are accepted. When the temperature gets colder, a small per-
centage of uphill moves are accepted. When the cooling has 
evolved to thermal cooling equilibrium at a given tempera-
ture level, then the temperature is slowly lowered, and the 
annealing process continues till the cooling reaches a certain 
“freezing” temperature determined a priori. Thus, SA com-
bines both iterative improvements in local areas and random 
jump to ensure that the algorithm does not stuck in a local 
optimum. Efficient simulated annealing (ESA) is developed 
by introducing Hammersley sequence sampling to generate 
the configuration. This algorithm was proposed by Kim and 
Diwekar (2002) and is given in Table 3.

The first step in the application of simulated annealing 
is to define an optimization problem analog to the physical 
annealing. Specifically, we have to define the configuration 
space, the objective function, the move generator, the initial 
and freezing temperatures, the temperature decrement and 
the thermal equilibrium detection method. The initial and 
final temperatures, in combination with the temperature dec-
rement scheme and thermal equilibrium detection method, 
are referred to as the cooling schedule.

Temperature schedule

• Initial Temperature If the initial temperature is too low, 
the search space is limited, and the search will be trapped 
in locally optimal solution. If the temperature is too high, 
the algorithm spends a lot on boiling around, wasting 
CPU time. As a rule of thumb, select an initial tempera-
ture where a high percentage of moves are accepted ini-
tially.

• Final Temperature The freezing temperature is selected 
so that the algorithm terminates after a certain number 
of successive temperature decrements with no change 
in the energy state, the temperature reaches the freezing 
temperature (T = Tfreeze) or a certain number of moves 
have been made.

• Temperature Decrement We have used the following sim-
ple rule with the value of α to be 0.93.

Gradient‑based NLP method

In this work, we are using the gradient-based NLP agent 
based on the sequential quadratic programming (SQP) algo-
rithm available from MathWorks. SQP is the most widely 
used technique for large-scale nonlinear optimization of 
chemical processes, which typically involve highly nonlinear 

(3)Tnew = �Told
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models. The quadratic programming subproblem is solved 
at each step, and it is repeated until the optimum solution 
is reached.

Benchmark problems

The main goal of testing the algorithm using the benchmark 
problems is to validate the proposed HTMAO framework 
and compare the performance among the different classes 
of the algorithmic frameworks. The performance measures 

Table 3  ESA algorithm

Table 4  Benchmarks problems

Function Formula

Parabolic (convex)
f (x) =

NDIM
∑

i−1

x2
i

Ackley (nonconvex)
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used to evaluate the algorithms are the quality of the solution 
and the computational and elapsed time to reach the optimal 
solution for similar algorithmic parameter setting and ter-
mination criterion. The benchmark problems are explained 
below and given in Table 4, and some of them are retrieved 
from Gebreslassie and Diwekar (2017).

Four benchmarks are used for the continuous optimiza-
tion problems. The parabolic and Rosnbrock functions are 
convex functions. These functions are multidimensional 
functions that have one global optimum of 0 at value of 
the decision variables equal to 0. The additional two test 
functions, which are ackley and eggholder functions, are 
nonconvex functions that are difficult to solve with multiple 
local optima.

Results of the benchmark problems

All the computational studies are performed on ASUS Desk-
top PC M11AD series with  Intel® Core™ i5–4440S, 2.88-
GHz CPU and 6-GB RAM. This computer is networked with 
HP Z820 workstation with  Intel® Xeon® CPU E5-2690 v2, 
3.00-GHz, and 64-GB RAM. There are two kinds of param-
eters where the local represents parameters that are only 
accessed by the individual agent, and the global parameters 
are accessed only by the global sharing memory environ-
ment. The HTMAO algorithm terminates if the maximum 
global iteration MAXITER is reached and if the global toler-
ance that is the relative difference between solutions found 
in two consecutive global iterations is lower than or equal 
to the parameter EPS for a set of consecutive number of 
global iterations CONITER. The termination criteria for 
the individual agents are similar to the global iteration. The 
algorithmic parameters used for the HTMAO framework 
and the individual algorithmic agents are given in Table 5. 
Nomenclature for Table 5 is provided in Appendix.

The following three tables are results of the benchmark 
problems that compare objective function and the com-
putational efficiency of single agent EACO, HMAO and 
HTMAO frameworks.

• In a single algorithmic agent, EACO is used to solve the 
optimization problems. In this single agent algorithm, the 
current solution is sent to the global sharing memory as 
an information message. In this case, the global sharing 
memory is equivalent to the local sharing memory. Local 
sharing memory is a memory only accessed by the agent 
where the memory resides.

• In HMAO framework, the multiple agents are independ-
ent jobs and solved in parallel. The multiple agents are 
created as independent jobs with a single task in a single 
job. The agents solve the same problem in parallel and 
cooperate through the tailored communication protocol 
between the agent and the global sharing memory. The 
results of an agent who completed evolution of its task 
send its new solution to the global sharing memory. If 
the optimality criterion is not satisfied, the global shar-
ing memory is updated accordingly. In the next iteration, 
each agent is initialized by propagating the new best so 
far solution from the global sharing memory.

• In HTMAO framework, similar to the HMAO frame-
work, the multiple agents are independent jobs and 
solved in parallel. Agents are created as independent jobs 
with a single task in a single job and cooperate through 
local and global sharing memory communication proto-
col. If the optimality criterion is not satisfied, the sharing 
memory is updated and it propagates the current solution 
from the global sharing memory to initialize each agent.

The communication between the local and global shar-
ing memory is developed in a way that allows the algorith-
mic agents perform a given number of iterations without 
exchanging information to reduce the communication over-
head. This strategy is adopted from Bullnheimer et al. (1998) 
and Gebreslassie and Diwekar (2017). Therefore, to reduce 
the cooperation overhead cost, each agent is allowed to run 
up to 100 iterations before sharing its results. However, it 
can also share the final information with the global sharing 
memory if there is no improvement in the quality solution of 
the local memory for consecutive ten iterations.

The computational efficiency of the frameworks is meas-
ured based on the computational and total elapsed time. The 

Table 5  Parameters setting of 
agents used in the HTMAO 
framework

HTMAO EACO EGA ESA

Ω 1 K 10NDIM Popsize 10NDIM CoolSched 0.93T
MAXITER 2E3 nAnts K Mutrate 0.01 IntTemp 1
CONITER 5 q 0.01 selection 0.5 MaxConRej 20
EPS 1E−5 ρ 0.75 Ω 1 MaxSuc 10
ISEED 1234 Ω 1 MAXITER 2E3 MAXMOVE 2E3
NAGENTS 4 MAXITER 2000 CONITER 10 q 0.9

CONITER 10 EPS 1E−5 EPS 1E−5
EPS 1E−5
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results of the optimization problems presented in the follow-
ing tables are obtained from a single run of each framework. 
Table 6 shows the optimal objective function value of each 
benchmark problem. The table includes optimal solutions for 
50 and 100 decision variables of the benchmark problems. 
The reddish color or highlighted cells in the table indicate 
local optimal. For given parametric settings, the comparison 
on the quality of the optimal solutions of the benchmark 
problems shows that HTMAO framework finds the optimal 
or close to optimal solutions for all the benchmark problems. 
The eggholder function is a difficult nonconvex function 
because of the presence of a large number of local optimal 
solutions. In this case, for the given stopping criteria and the 
parameter setting, only the HTMAO framework was able to 
find the best optimal solution.

Tables 7 and 8 show the comparison of computational 
efficiency in terms of CPU and elapsed time of EACO and 
HMAO against the HTMAO framework, respectively.

In Tables 7 and 8, one can see improvement in computa-
tional efficiency of solving the benchmark problems using 
the HTMAO framework over the single agent (EACO) and 
HMAO frameworks. The performance improvements are 
presented in terms of the ratio of CPU and elapsed time 
of EACO and HMAO to the HTMAO framework. The 
improvement ranged from 1.03(EACO, parabolic) to 2.87 

(HMAO, Rosenbrock) fold for the 50 decision variables and 
1.33(EACO, Rosenbrock) to 2.31(HMAO, Rosenbrock) fold 
for the 100 decision variables.

Comparing the quality of the optimal solutions, most of 
the algorithms were able to find the global optimal for some 
of the benchmark problems. EACO and HMAO were able 
to find the global or close to global optimal solutions for 
Parabolic, Ackley and Rosenbrock functions. However, they 
fail to find the global optimal solution for eggholder func-
tion. The HTMAO framework was able to find the global 
optimal solutions for the three benchmark problems and best 
solution for the eggholder function. From these, we can see 
that the collaboration among different agents has benefited 
the HTMAO framework.

Case study: radioactive hazardous waste 
blending problem

In this work, a real-world case study of the radioactive haz-
ardous waste blending problem is considered. This problem 
is encountered in Hanford site of the southeastern Washing-
ton where nuclear waste is stored. Although the constraints 
related to the waste blending problem have been already 
introduced in Diwekar (2008), they are briefly introduced 

Table 6  Comparison of 
quality of solutions from the 
EACO, HMAO and HTMAO 
frameworks

Function Global 
optimum

EACO HMAO HTMAO

50 100 50 100 50 100

Parabolic 0 0 0 0 0 0 0
Ackley 0 0 0 0.0001 0 0 0
Rosenbrock 0 0.0004 0 0.0001 0 0 0
Eggholder – − 36902.3 − 73625.7 − 36902.3 − 73635.2 − 37403.4 − 78522.0

Table 7  CPU time comparison 
of EACO, HMAO against 
HTMAO framework for 50 and 
100 decision variables

NDIM = 50 NDIM = 100

Function EACO/HTMAO HMAO/HTMAO EACO/HTMAO HMAO/HTMAO

Parabolic 1.03 1.96 1.42 1.39
Ackley 1.30 1.30 1.53 1.36
Rosenbrock Not optimal 2.87 1.33 2.31
Eggholder Not optimal Not optimal Not optimal Not optimal

Table 8  Elapsed time 
comparison of EACO, HMAO 
against HTMAO framework for 
50 and 100 decision variables

Function NDIM = 50 NDIM = 100

EACO/HTMAO HMAO/HTMAO EACO/HTMAO HMAO/HTMAO

Parabolic 0.53 1.55 1.31 1.30
Ackley 0.73 1.18 1.43 1.37
Rosenbrock Not optimal 2.06 1.46 2.45
Eggholder Not optimal Not optimal Not optimal Not optimal



149Heterogeneous multi-agent optimization framework with application to synthesizing optimal…

1 3

next for the sake of completeness of the overall mathemati-
cal formulation.

The Hanford site in southeastern Washington has pro-
duced nuclear materials using various processes, and radio-
active hazardous waste was produced as by-products of the 
processes. This waste is retrieved and separated into high-
level and low-level portions. The high-level and low-level 
wastes are immobilized for future disposal. The high-level 
waste will be converted into a glass form for disposal. The 
glass must meet both processibility and durability restric-
tions. The processibility conditions ensure that during pro-
cessing, the glass melt has thermodynamic properties such 
as viscosity, electrical conductivity and liquids temperature 
that lie within ranges known to be acceptable for the vitri-
fication process. The durability constraints ensure that the 
resultant glass meets the quantitative criteria for disposal in 
a repository. The bounds on the composition of the various 
components in the glass should also be satisfied. In the sim-
plest case, waste and appropriate glass forms (frit) are mixed 
and heated in a smelter to form a glass that satisfies the 
constraints. It is desirable to keep the amount of frit added 
to a minimum for two reasons. First, this keeps the frit costs 
to a minimum. Second, the amount of waste per glass log 
formed is to be maximized, which keeps the waste disposal 
costs to a minimum (Narayan et al. 1996).

The wastes resulted from a variety of processes, they 
vary widely in composition, and the glasses produced from 
these wastes will be limited by a variety of components. The 
minimum amount of frit would be used if all the high-level 

wastes were combined to form a single feed to the vitrifica-
tion process. Because of the volume of waste involved and 
the time span over which it will be processed, this is logisti-
cally impossible. However, much of similar benefit can be 
obtained by forming blends from sets of tanks. The problem 
is how to divide all the tanks into set of blend so that a mini-
mal amount of frit is used.

In this discrete blending problem, there are N different 
sources (tanks) of waste that need to form a discrete number 
of blends B, with the number of blends being less than the 
number of waste sources or tanks. All the wastes from any 
given tank must go to a single blend, and each blend con-
tains waste from N/B sources. Blends of equal size (same 
number of wastes per blend) were specified; alternatively, 
blends could be formulated to have approximately the same 
waste masses (not considered in this work). The simplified 
schematic of blending and vitrification process is shown in 
Fig. 5. A set of wastes  (WT1,…) needs to be partitioned into 
three parts to form three blends. The chemical composi-
tion and the amount of mass in each tank can be viewed 
in Narayan et al. (1996). The table in the referenced paper 
shows the composition of the 21 waste tanks. The waste 
tanks are represented in the column and the individual 
wastes in the row. The total mass given in the last row is 
the total mass of the first ten wastes. Frit added to the blend 
consists of these ten chemicals. The waste mass is scaled 
down by dividing it by 1000 to numerically simplify the 
solution process. The rest of the chemicals are expressed as 
the fraction of the total mass.

In order to form glass, the blend must satisfy certain 
constraints. These constraints are briefly described below, 
and the notations in these constraints can be referred in 
Appendix

Individual Component Bounds There are upper (pub) and 
lower (plb) bounds on the fraction of each component in the 
glass. These bounds are given in Table 9.

1 Crystallinity Constraints The crystallinity (C) con-
straints, or multiple component constraints, specify the 
limits on the combined fractions of different compo-
nents. There are five such constraints.

 i. The ratio of the mass fraction of  SiO2 to the 
mass fraction of  Al2O3 should be greater than 
C1 (C1 = 3.0).

(4)plb ≤ p ≤ pub

WBD1

WBD3

WBD2

VR1

VR3

VR2

WT1

WT2

WT3

WT4

WT5

WT6

Glass1

Glass2

Glass3

Frit3

Frit2

Frit1

Waste Tanks Waste Blends Vitrification Glass

Fig. 5  Processing of radioactive wastes to glass

Table 9  Component bounds Component SiO2 B2O3 Na2O Li2O CaO MgO Fe2O3 Al2O3 ZrO2 Others

Lower bound 0.42 0.05 0.05 0.01 0.00 0.00 0.02 0.00 0.00 0.01
Upper bound 0.57 0.20 0.20 0.07 0.10 0.08 0.15 0.15 0.13 0.10
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 ii. The sum of the mass fraction of MgO and the 
mass fraction of CaO should be less than C2 
(C2 = 0.08).

 iii. The combined sum of the mass fractions of 
 Fe2O3,  Al2O3,  ZrO2 and Others should be less 
than C3 (C3 = 0.225).

 iv. The sum of the mass fraction of  Al2O3 and the 
mass fraction of  ZrO2 should be less than C4 
(C4 = 0.18).

 v. The combined sum of the mass fractions of 
MgO, CaO and  ZrO2 should be less than C5 
(C5 = 0.18).

2 Solubility Constraints These constraints limit the maxi-
mum value for the mass fraction of one or a combination 
of components.

 i. The mass fraction of  Cr2O3 should be less than 
0.005.

 ii. The mass fraction of F should be less than 
0.017.

 iii. The mass fraction of  P2O5 should be less than 
0.01.

 iv. The mass fraction of SO2 should be less than 
0.005.

 v. The combined mass fraction of  Rh2O3, PdO 
and  Ru2O2 should be less than 0.025.

3 Glass Property Constraints Additional constraints gov-
ern the thermodynamic properties of viscosity, electrical 
conductivity and durability they are described below.

 i. Viscosity constraints: 

 ii. Conductivity constraints 
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 iii. Dissolution rate for boron by PCT test 

 iv. Dissolution rate for boron by MCC 

4 Nonnegativity constraints

where μ, k and Dp, Dm are the property constants and the 
remaining of the notations can be referred in Appendix.

Radioactive waste blending optimization model

The goal of this case study is to find the minimum amount 
of total frit used for the vitrification of the radioactive waste. 
The radioactive waste blending problem is formulated as 
a mixed integer nonlinear programming (MINLP) model 
(Eq. 12) where the total frit needed for the vitrification is 
minimized subject to individual component bounds, crystal-
linity, solubility, glass properties such as viscosity, electrical 
conductivity and dissolution rates and nonnegativity con-
straints (Eqs. 4 to 11). The model simultaneously determines 
the optimal decisions that include the combination of the 
waste tanks that form each blend and the optimal mass of 
frit needed for the vitrification of each blend.
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(11)fi ≤ 0

(12)

totFrit = Min
NC
∑

i=1

fi

s.t Wi =
B
∑

j=1

�ij ∀i ∈ {1, 2…NC}

�ij =
N
∑

k=1

Yjkmwik ∀i ∈ {1, 2…NC} and ∀j ∈ {1, 2…B}

N
∑

k=1

Yjk = T ∀j ∈ {1, 2…B}

T =
N

B

gi = Wi + fi ∀i ∈ {1, 2…NC}

G =
NC
∑

i=1

gi

pi =
gi

G
∀i ∈ {1, 2…NC}

Crystallinity constraints

Solubility constraints

Glass property constraints

Dissolution rate constraints

Nonnegativity constraints
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where fi is total mass of component i in total frit. ωij is mass 
of component i in blend j. ωij is mass of component i in 
blend j. mwik is mass of component i in waste source k. Yik is 
a binary variable that takes 1 if waste source k is selected for 
blend j; otherwise, it takes zero. Wi is total mass of compo-
nent i. gi is total mass of component i in the glass form. G it 
total mass of glass form. pi is mass fraction of glass form of 
component i. NC is number of chemical components in the 
waste source. B is total number of blends, and T is the total 
number of waste sources in a blend.

Two‑stage algorithm

To exploit the structure of the optimization model, a two-
stage solution procedure where the EACO, ESA and EGA 
are used only for discrete decisions, and the inner continuous 
optimization problem (which decides mass of each material 
in the frit) provides the feasible solution with constraint sat-
isfaction. This continuous nonlinear problem can be solved 
using the gradient-based SQP agent or the EACO agent. 
Figure 6 shows the schematic procedure used for solving the 
discrete blend problem. In this work, we are using a special 
configuration and move generator for discrete optimization 
and it is described below.

Configuration space and the move generator

Consider the problem where we have 21 waste tanks (the 
first tank is indexed as 1 and the last 21) to be processed in 
three blends. The goal is to formulate a configuration that 
leads to minimum frit consumption of the three blends. Each 
blend is formulated from seven distinct waste source tanks. 
Suppose an initial state of the blends is as given below

1st Blend 1 2 3 4 5 6 7
2nd Blend 8 9 10 11 12 13 14
3rd Blend 15 16 17 18 19 20 21

A neighbor state to the above example or the next gen-
eration of a string can be defined as the state/string which 
can be reached by the application of a single operator. For 
the problem with three blends, we can devise three simple 
operators:

1. Swap (B1, B2), where we swap elements between 
Blend 1 and Blend 2 (1/3 probability)

2. Swap (B2, B3), where we swap elements between 
Blend 2 and Blend 3 (1/3 probability)

3. Swap (B1, B3), where we swap elements between 
Blend 1 and Blend 3 (1/3 probability).

To decide the two elements from the two blends to be 
swapped, we need two additional operators. We use an 
equiprobable chance for one of the seven elements to be 
nominated from each of the two blends. Therefore, the algo-
rithms of the mating in genetic algorithm and the move gen-
erator for simulated annealing algorithm that is explained in 
Sect. 4 are modified accordingly.

Results and discussion

The HMAO platform is written in MATLAB. All the com-
putational studies are performed on an ASUS Desktop PC 
M11AD series with  Intel® Core™ i5–4440S, 2.88-GHz CPU 
and 6-GB RAM. This computer is networked with HP Z820 
workstation with  Intel® Xeon® CPU E5-2690 v2, 3.00-GHz 
and 64-GB RAM. When two or more algorithmic frame-
works are compared, we use same parametric setting and 
termination criteria. With the proposed framework, we are 
able to demonstrate the benefits gained from the HTMAO 
framework on the quality of the solutions and the computa-
tional efficiency.

The number of possible combinations is given by

We have 21(N) radioactive waste tanks partitioned into 
3 (B) blends. The number of waste source tanks in a bled 
is T = N/B = 21/3 = 7. From Eq. 13, the blending problem 
with 21 tanks and three blends, there are possible 66512160 
combinations for exploration.

The main goal of this case study is to test the performance 
of the proposed framework in finding the optimal configu-
ration of wastes to blend to minimize the total mass of frit 
use to convert the radioactive waste into glass forms. The 
benefit of reducing the amount of frit use is reducing the 
material costs in vitrification of waste to glass form which, 
in turn, reduces the storage cost. In this work, we compared 

(13)
N!

B!(T!)B

Fig. 6  Schematic of SA–NLP/GA-NLP algorithm proposed
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the computational efficiency of different combinatorial opti-
mization techniques used to solve similar waste blending 
problem such as branch and bound and simulated anneal-
ing coupled with NLP optimization approaches to find the 
optimal solution.

The parameter setting used to solve the benchmark prob-
lems is used for the individual agents except the solution 

archive (K  =  5NDIM) and the population size (pope-
size = 5NDISCV) of the EACO and GA, respectively. The 
optimal solution from the HTMAO framework is presented 
in Table 10. The HTMAO framework was able to find the 
global optimal solution with 11023.3 kg of total frit as 
shown in the table. The first section of the table provides 
the configuration of waste tanks that form the optimal blends 
configuration. The table also provides the total frit and the 
composition of frit in each blend. Similar optimal solution 
with a marginal error of 0.04% was also reported from SA-
NLP (11028 kg) approach and branch and bound strategy 
at the expense higher computationally intensity (Narayan 
et al. 1996). The blending configuration and the frit mass 
needed for each blend are given in Table 11. The branch 
and bound took three days of CPU time; SA-NLP took 
45 min of computational time on an alpha workstation. Our 
SA-SQP required less computation time but did not reach 
global optimum. However, the proposed HTMAO frame-
work was able to find the global optimal solution at reason-
able computational effort 6.5 min CPU time. The branch 
and bound procedure finds the global optimum but requires 
significantly longer computational time. Moreover, a similar 
problem was formulated as an MINLP problem and imple-
mented in General Algebraic Modeling Systems (GAMS) 
(Brooke et al. 1992). In GAMS, the authors use the outer 
approximation/equality relaxation/augmented penalty func-
tion (OA/ER/AP) algorithm for solving the MINLP prob-
lem. The authors suggest that even though the algorithm was 

Table 10  Blending problem 
solution using MAOP 
framework

Blends Waste tanks distribution (HTMAO, CPU = 6.5 min)

Blend 1 12 17 2 19 9 14 20
Blend 2 10 1 7 6 21 13 3
Blend 3 16 8 18 5 4 15 11
Mass of frit in Kg (Total frit = 11023.3)
Components Blend 1 Blend 2 Blend 3
SiO2 4550.62 486.85 374.20
B2O3 1605.73 185.63 180.5
Na2O 841.69 186.51 149.46
Li2O 198.32 16.85 11.66
CaO 290.76 1.54 10.61
MgO 539.22 0.0024 0
Fe2O3 360.60 0 0
Al2O3 416.87 0 0
ZrO2 314.19 0 0
Others 301.48 0 0
Cr2O3 0 0 0
F 0 0 0
P2O5 0 0 0
SO3 0 0 0
NobMet 0 0 0
Total blends 9419.49 877.39 726.43

Table 11  Waste composition of the three optimal blends

Blend 1 Blend 2 Blend 3

SiO2 0.0311 0.2525 0.2628
B2O3 0.0013 0.0001 0.0036
Na2O 0.2375 0.0556 0.0531
Li2O 0.0000 0.0000 0.0000
CaO 0.0269 0.1465 0.0607
MgO 0.0031 0.0176 0.0230
Fe2O3 0.0902 0.1680 0.1573
Al2O3 0.3642 0.2362 0.2806
ZrO2 0.0073 0.0104 0.0108
Others 0.2384 0.1130 0.1481
Cr2O3 0.0358 0.0040 0.0071
F 0.0028 0.0002 0.0011
P2O5 0.0706 0.0219 0.0198
SO3 0.0107 0.0014 0.0016
NobMet 0.0000 0.0000 0.0000
Oxide mass 1528.3 652.2 439.5
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computationally efficient, due to the nonconvex nature of 
constraints, it was very dependent on the starting conditions 
and fails to find the global optimum. The best MINLP solu-
tion from GAMS was found to be 12342 kg of frit (Narayan 
et al. 1996). Therefore, from this analysis, we can conclude 
that the proposed framework is a promising tool for solving 
large-scale, computationally intensive, mixed integer non-
linear optimization problems.

The optimal blending configuration of the 21 radioac-
tive waste tanks into three blends with each blend consisting 
of 7 waste sources is shown in Table 10. The composition 
of the optimal blends configuration and the mass of oxides 
in kg proposed using the HTMAO framework are given in 
Table 11. The composition of the 21 waste tanks and the 
oxide mass flow rate from Narayan et al. (1996) can be 
viewed in Table 12.

Table 12  Optimal blending 
configuration obtained using 
the branch and bound procedure 
Narayan et al. (1996)

Blends Waste tanks distribution(CPU = 3 days)

Blend 1 3 4 5 7 8 9 20
Blend 2 1 10 11 12 16 19 21
Blend 3 2 7 13 14 15 17 18

Mass of frit = 11028 kg
Components Blend 1  Blend 2  Blend 3
SiO2 293.78 680.950 4550.6
B2O3 31.350 2.186 1212.4
Na2O 38.683 375.06 1130.3
Li2O 43.890 64.709 302.97
CaO 0.000 11.466 344.20
MgO 0.000 66.866 485.78
Fe2O3 0.000 0.000 502.11
Al2O3 0.000 0.000 640.96
ZrO2 0.000 0.000 0.000
Others 0.000 0.000 250.07

Table 13  Blending problem 
solution using SA-SQP 
algorithm

Blends Waste tanks distribution (CPU = 2.9 min)

Blend 1 16 7 21 17 12 2 1
Blend 2 10 19 18 14 11 15 13
Blend 3 3 6 9 20 5 8 4
Total mass of frit = 11171.9 kg
Components Blend 1 Blend 2 Blend 3
SiO2 475.10 460.30 4550.86
B2O3 154.46 165.93 1583.99
Na2O 179.53 175.96 863.07
Li2O 15.71 15.99 198.69
CaO 37.09 38.97 388.92
MgO 7.51 0 440.98
Fe2O3 0.20 0 332.46
Al2O3 8.34 0 521.20
ZrO2 1.05 0 321.14
Others 16.28 0 218.18
Cr2O3 0 0 0
F 0 0 0
P2O5 0 0 0
SO3 0 0 0
NobMet 0 0 0
Total blends 1752.42 9419.49 9419.49
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The blending problem is also solved using the individ-
ual agents at the parametric setting similar to the HTMAO 
framework. The results are reported in Tables 13 and 14. 

These tables show the results from SA-SQP agent and GA-
SQP agent, respectively. The local optimal solution from 
SA-SQP agent leads to a total mass of frit as 11171.9 kg, and 

Table 14  Blending problem 
solution using GA-SQP 
algorithm

Blends Waste tanks distribution(CPU = 4.75 min)

Blend 1 4 10 20 3 8 9 6
Blend 2 17 19 12 21 7 18 16
Blend 3 11 1 2 13 15 14 5
Mass of frit = 11690.02 kg
Components Blend 1 Blend 2 Blend 3
SiO2 4550.70 756.94 376.36
B2O3 1548.92 242.55 136.70
Na2O 969.63 249.55 138.70
Li2O 188.13 22.02 13.08
CaO 380.86 104.95 21.96
MgO 446.42 0 0.07
Fe2O3 382.07 0 0
Al2O3 578.83 0 0
ZrO2 311.10 0 0
Others 270.48 0 0
Cr2O3 0 0 0
F 0 0 0
P2O5 0 0 0
SO3 0 0 0
NobMet 0 0 0
Total blends 9627.14 1376.01 686.87

Table 15  Blending problem 
solution using GA-EACO 
algorithm

Blends Configuration of the waste tanks (CPU = 97.5 min)

Blend 1 16 7 21 17 12 2 1
Blend 2 10 19 18 14 11 15 13
Blend 3 3 6 9 20 5 8 4
Mass of frit = 11517.08 kg
Components Blend 1 Blend 2 Blend 3
SiO2 4679.90 439.76 685.32
B2O3 1688.08 177.82 323.28
Na2O 971.05 157.34 140.10
Li2O 180.04 17.14 34.55
CaO 252.24 45.73 45.62
MgO 312.20 0.00 0.00
Fe2O3 54.94 0.00 0.00
Al2O3 5.53 0.00 0.03
ZrO2 1288.15 0.19 0.00
Others 18.02 0.00 0.00
Cr2O3 0.00 0.00 0.00
F 0.04 0.00 0.00
P2O5 0.00 0.00 0.00
SO3 0.00 0.00 0.00
NobMet 0.00  0.00 0.00
Total blends 9450.19 837.99 1228.90
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the total mass of frit from the GA-SQP agent is 11690.02 kg. 
The global optimal solution from branch and bound reported 
in Narayan et al. (1996) is 11028 kg. The marginal error of 
the proposed framework and the two agents’ relative to the 
reported result from branch and bound are − 0.04% rela-
tive to HTMAO framework, 1.3% relative to SA-SQP and 
6% relative to GA-SQP. The EACO algorithm has failed 
to find a feasible solution at the parametric setting used in 
the HTMAO framework. However, the results of GA-EACO 
algorithm are reported in Table 15. The parameter changes 
are size of the solution archive (K = 10NCONV) and the 
population size (popesize = 10NDISCV). The total mass of 
frit from the GA-EACO algorithm is given as 11517.08 kg 
and CPU time of 99.8 min. This local optimal solution 
results in marginal error of 4.5% from sofar global optima. 
Moreover, it is computationally intensive. The results show 
that the HTMAO framework has benefited from the collabo-
ration of the individual agents to find the global optimal 
solution with improved computational efficiency. As men-
tioned above, the branch and bound algorithm took 3 days 
to solve the same problem to its global optimal, and the 
proposed algorithm solved the problem in 6.5 min.

Conclusions

In this paper, we proposed a novel heterogeneous multi-
agent optimization (HTMAO) framework for optimizing 
real-world process system engineering problems. HTMAO 
framework is a nature-inspired optimization platform, which 
supports cooperative search by a group of algorithmic agents 
connected through an environment with certain predefined 
information sharing protocol. To develop the HTMAO 
framework, ant colony, simulated annealing, genetic algo-
rithm and sequential quadratic programming (SQP) from 
MathWorks are considered as algorithmic agents.

The proposed platform is validated through convex and 
nonconvex nonlinear benchmark problems and real-world 
case study. The blending problem case study is related to dis-
posal of nuclear waste stored at Hanford site. The radioactive 
waste is converted into a glass form before disposal. The 
problem is formulated as an MINLP. The HTMAO frame-
work minimizes the total mass of frit used for the vitrifica-
tion of waste subject to equality and inequality constrains 
such as the processibility and durability constraints. The 
model simultaneously determines the optimal combinatorial 
decisions that include the configuration of tanks that form 
each blend and the mass of frit for each blend. The results 
show that solution quality and the computational efficien-
cies are improved significantly with HTMAO. The blending 
problem was solved using branch and bound algorithm, and 
the authors reported that it took 3 days to solve the problem 
to its global optimal. However, using the proposed algorithm 

the computational time is reduced to 6.5 min. Hence, the 
proposed algorithm can be used as an alternative optimiza-
tion algorithm to solve combinatorial process engineering 
problems.
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Appendix: Nomenclature

Decision variables

NCONV  Number of continuous variables
NDISCV  Number of discrete variables
NDIM  Total number of decision variables

Algorithmic parameters

ISEED  Seed to generate random numbers
Ω  Big number for penalty function
NAGENTS  Number of algorithmic agents
MAXITER  Maximum number of iterations
CONITER  Maximum number of consecutive iterations 

with no solution improvement
ESP  Epsilon small number

EACO algorithmic parameters

K  Size of solution archive
nAnts  Size of solution archive
q  Algorithmic parameter
ρ  Pheromone evaporation factor

EGA algorithmic parameters

Popsize  Population size of each generation
Mutrate  Mutation rate
Selection  Selection rate of pupation for mating

ESA algorithmic parameters

CoolSched  Cooling schedule
IntTemp  Initial temperature
MaxConRej  Maximum number consecutive iterations 

rejected
MaxSuc  Maximum number iterations succeeded
MAXMOVE  Maximum number of moves
q  Quenching factor

Glass property constraint related

kmin  Lower limit for electrical conductivity
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kmax  Upper limit for electrical conductivity
ki
a
  Linear coefficients of electrical conductivity model

kii
b
  Cross-term coefficients of electrical conductivity 

model
µmin  Lower limit for viscosity (PaS)
µmax  Upper limit for viscosity (PaS)
�i
a
  Linear coefficients of viscosity model

�
ij

b
  Cross-term coefficients of viscosity model

DPCC
max  Maximum release rate (product consistency test 

(PCT)) (g/m2))
DMCC
max  Maximum release rate (materials characterization 

center (MCC)) (g/m2))
Dpi

a
  Linear coefficients of durability (PCT) model (for 

boron)
Dp

ij

b
  Cross-term coefficients of durability (PCT) model 

(for boron)
Dmi

a
  Linear coefficients of durability (MCC) model (for 

boron)
Dm

ij

b
  Cross-term coefficients of durability (MCC) model 

(for boron)

References

Baeza F, Payá J, Galao O, Saval JM, Garcés P (2014) Blending of 
industrial waste from different sources as partial substitution 
of Portland cement in pastes and mortars. Constr Build Mater 
66:645–653

Benavides PT, Gebreslassie BH, Diwekar UM (2015) Optimal design 
of adsorbents for NORM removal from produced water in natural 
gas fracking. Part 2: CAMD for adsorption of radium and barium. 
Chem Eng Sci 137:977–985

Benndorf J (2013) Application of efficient methods of conditional sim-
ulation for optimizing coal blending strategies in large continuous 
open pit mining operations. Int J Coal Geol 112:141–153

Blum C (2005) Ant colony optimization: introduction and recent 
trends. Phys Life Rev 2:353–373

Bullnheimer B, Kotsis G, Strauss C (1998) Parallelization strategies 
for the ant system. High Performance Algorithms and Software 
in Nonlinear Optimization, Kluwer, 24, 87–100

Busby JB, Lee JR, Kender S, Williamson JP, Norris S (2015) Model-
ling the potential for permafrost development on a radioactive 
waste geological disposal facility in Great Britain. Proc Geolo 
Assoc 126:664–674

Chapman N, Hooper A (2012) The disposal of radioactive wastes 
underground. Proc Geolo Assoc 123:46–63

Crainic TG, Toulouse M (2003) Parallel strategies for meta-heuristics. 
In: Glover F, Kochenberger G (eds) Handbook of metaheuristics. 
Kluwer, Boston, pp 475–513

Delisle P, Krajecki M, Gravel M (2009) Multi-colony parallel ant 
colony optimization on SMP and multi-core computers. IEEE, 
978-1-4244-5612-3

Diwekar UM (2008) Introduction to applied optimization, 2nd edn. 
Springer, New York

Diwekar UM, Gebreslassie BH (2016) Efficient ant colony optimi-
zation (EACO) algorithm for deterministic optimization. Int J 
Swarm Intell Evolut Comput 5:131

Diwekar UM, Ulas S (2007) Sampling techniques. In: Kirk-othmer 
encyclopedia of chemical technology, Online edition, vol 26. 
https://doi.org/10.1002/0471238961.sampdiwe.a01

Diwekar UM, Xu W (2005) Improved genetic algorithms for deter-
ministic optimization and optimization under uncertainty. Part I. 
algorithms development. Ind Eng Chem Res 44:7132–7137

Dorigo M (1992) Optimization, learning and natural algorithms. PhD 
Thesis, Department of Electronics, Politecnico di Milano, Italy

Dorigo M, Stutzle T (2004) Ant colony optimization theory. A brand-
ford book. The MIT Press, Cambridge

Flowers AD, Linderman K (2003) Hazardous waste disposal: a waste-
fuel blending approach. Prod Oper Manag 12:3

Frohling M, Rentz O (2010) A case study on raw material blending for 
the recycling of ferrous wastes in a blast furnace. J Clean Prod 
18:161–173

Gebreslassie BH, Diwekar UM (2015) Efficient ant colony optimi-
zation for computer aided molecular design: case study solvent 
selection problem. Comput Chem Eng 78:1–9

Gebreslassie BH, Diwekar UM (2017) Homogenous multi-agent 
optimization for process systems engineering problems with a 
case study of computer aided molecular design. Chem Eng Sci 
159:194–206

Goldberg DE (1989) Genetic algorithms in search, optimization, and 
machine learning. Addison-Wesley Publishing Company, Reading

Han C, Douglas J, Stephanopoulos G (1995) Agent-based approach to 
a design support system for the synthesis of chemical processes. 
Comput Chem Eng 19:63–69

Holland JH (1975) Adaptation in natural and artificial systems: an 
introductory analysis with applications to biology, control, and 
artificial intelligence. University of Michigan press, Ann Arbor

Julka N, Srinivasan R, Karimi I (2002a) Agent-based supply chain 
management-1: framework. Comput Chem Eng 26:1755–1769

Julka N, Srinivasan R, Karimi I (2002b) Agent-based supply chain 
management-2: a refinery application. Comput Chem Eng 
26:1771–1781

Kim K, Diwekar UM (2002) Efficient combinatorial optimization 
under uncertainty. 1. Algorithmic development. Ind Eng Chem 
Res 41:1276–1284

Kirkpatrick S, Gelatt CD, Vecchi MP (1983) Optimization by simulated 
annealing. Science 220:671

MATLAB (2014) Parallel Computing Toolbox. User’s guide, R2014a. 
MathWorks

Mele F, Guillen G, Espuna A, Puigjaner L (2007) An agent-based 
approach for supply chain retrofitting under uncertainty. Comput 
Chem Eng 31:722–735

Mukherjee R, Gebreslassie BH, Diwekar UM (2017) Design of novel 
polymeric adsorbents for metal ion removal from water using 
computer-aided molecular design. Clean Tech Environ Policy 
19:483–499

Narayan V, Diwekar UM, Hoza M (1996) Synthesizing optimal waste 
blends. Ind Eng Chem Res 35:3519–3527

Raj K, Prasad KK, Bansal NK (2006) Radioactive waste management 
practices in India. Nucl Eng Des 236:914–930

Schluter M, Gerdts M (2010) The oracle penalty method. J Global 
Optim 47:293–325

Schluter M, Gerdts M, Ruckmann JJ (2012) A numerical study of 
MIDACO on 100 MINLP benchmarks. Optimization 61:873–900

Siirola JD, Hauan S, Westerberg AW (2003) Toward agent-based pro-
cess systems engineering: proposed framework and application to 
non-convex optimization. Comput Chem Eng 27:1801

Siirola JD, Hauan S, Westerberg AW (2004) Computing Pareto fronts 
using distributed agents. Comput Chem Eng 29:113–126

Talukdar S, Baerentzen L, Gove A, de Souza P (1996) Asynchronous 
Teams: Cooperation schemes for autonomous agents. Carnegie 
Mellon University Pittsburgh, Pittsburgh, p 15213

https://doi.org/10.1002/0471238961.sampdiwe.a01


157Heterogeneous multi-agent optimization framework with application to synthesizing optimal…

1 3

Tatara E, Birol I, Teymour F, Cinar A (2005) Agent-based control of 
autocatalytic replicators in networks of reactor. Comput Chem 
Eng 29:807–815

Tetiker M, Artel A, Teymour F, Cinar A (2008) Control of grade transi-
tions in distributed chemical reactor networks—An agent-based 
approach. Comput Chem Eng 32:1984–1994

Van Laarhoven P, Aarts E (1987) Simulated Annealing: Theory and 
Applications. Reidel Publishing Co., Dordrecht

Vasko FJ, Newhart DD, Strauss AD (2005) Coal blending models for 
optimum cokemaking and blast furnace operation. J Oper Res 
Soc 56:235–243

Xu W, Diwekar UM (2005) Improved genetic algorithms for deter-
ministic optimization and optimization under uncertainty. Part 
II. Solvent selection under uncertainty. Ind Eng Chem Res 
44:7138–7146

Zecchin A, Simpson A, Maier H, Leonard M, Roberts A, Berrisford 
M (2006) Application of two ant colony optimization algorithms 
to water distribution system optimization. Math Comput Model 
44:451–468


	Heterogeneous multi-agent optimization framework with application to synthesizing optimal nuclear waste blends
	Abstract
	Introduction
	Literature review
	Heterogeneous multi-agent optimization
	Diversity
	Coordination
	Parallelization

	Algorithmic agents
	Efficient ant colony optimization (EACO) algorithm
	Efficient genetic algorithm (EGA)
	Efficient simulated annealing
	Temperature schedule

	Gradient-based NLP method

	Benchmark problems
	Results of the benchmark problems

	Case study: radioactive hazardous waste blending problem
	Radioactive waste blending optimization model
	Two-stage algorithm
	Configuration space and the move generator

	Results and discussion

	Conclusions
	Acknowledgements 
	References




