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Abstract

This work focuses on the basic stochastic decomposition (SD) algorithm of Higle and Sen [J.L. Higle, S. Sen, Stochastic Decomposition,
Kluwer Academic Publishers, 1996] for two-stage stochastic linear programming problems with complete recourse. The algorithm uses
sampling when the random variables are represented by continuous distribution functions. Traditionally, this method has been applied by
using Monte Carlo (MC) sampling to generate the samples of the stochastic variables. However, Monte Carlo methods can resultin large error
bounds and variance. Hence, some other approaches use importance sampling to reduce variance and achieving convergence faster that tt
method based on the Monte Carlo sampling technique. This work proposes an improvement on this respect. Hence, we propose to replace the
use of the Monte Carlo sampling technique or the importance sampling in the SD algorithm by the use of the novel Hammersley sequence
sampling (HSS) technique. Recently, such a technique has proved to provide better uniformity properties than other sampling techniques and,
as a consequence, the variance and the number of samples required for convergence are reduced. Also, we use a fractal dimension approac
to characterize the error of the estimation of the recourse function based on sampling. The computational implementation of the algorithm
involves a framework that integrates the GAMS modeling environment, the HSS sampling code (FORTRAN)-asdpaogram which
generates appropriate LP problems for each SD iteration. The algorithm has been tested with several case studies representing chemica
engineering applications and the results are discussed.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction The standard mathematical form of a SLPwWR problem is
given byEgs. (1) and (2)Eq. (1)is referred as the first stage

There is a huge body of literature on stochastic linear problem:

programming including surveys and numerous articles (e.g., . T .

Birge & Louveaux, 1997; Bouza, 1993; Haneveld & vander minc’x+ 0@, st Ax=b, x=0 @)

Vlerk, 1999) The main class of stochastic linear problems whereA is a coefficient matrixc a coefficient vector, and

involves two stages and the concept of recourse (SLPWR).Q(x) the recourse function defined I®/(x) = E,[Q(x, u)],

In the first stage, the choice of the decision variablis where Q(x, u) is obtained from the second stage problem

made. In the second stage, following the observation of the (Eq. (2):

stochastic variables and the evaluation of the objective

function, a corrective action (represented by the second stageQ (x, u) = min q" v, st W= hw)— Tux,

decisionsyp) is suggested. v >0 ?)

whereq is a coefficient vector an@V, h andT are the co-
* Corresponding author. Tekt52-461-61-17575x156: efficient ma.trlces which in prmuple mlght. deperjd on the
fax: +52-461-61-17744. random variables.. The matrixW is of particular interest
E-mail address: vicente@iqcelaya.itc.mx (V. Rico-Ramirez). and is known as the recourse matrix.
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There is a rather complete optimization theory with nec- and Sen (1991, 199&)ssume complete recourse (no feasi-
essary and sufficient conditions for SLPwR problems. How- bility cuts are needed) and provide a simplification involv-
ever, they are difficult to solve since in general it is very ing a restricted solution set for the dual of the second stage
demanding to generate evaluations of the recourse functionproblem in order to decrease the computational effort. The
(Q(X)) and its gradient. Some of the difficulties disappear steps of the algorithm are given next:

when the recourse structure is simple, as in problems with
fixed and complete recourse. Fixed recourse means that the
recourse matriX\V, is independent on (simply a coefficient
matrix), whereas complete recourse means that any set of
values that we choose for the first stage decisignkaves
us with a feasible second stage problem.

2. SLPwR algorithms

The two main algorithms for stochastic linear program-
ming with fixed recourse are the L-shaped methBdge
& Louveauyx, 1988, 1997and the stochastic decomposition
(SD) algorithm Higle & Sen, 1991, 1996

1. The L-shaped method is used when the random vari-
ables of the problem are described digcrete distribu-
tion functions. As a resultexact computations for the
lower bound of the recourse function are possible.

2. On the other hand, the SD algorithm usasipling when
the random variables are represented by continalggis
tribution functions. As a resulgstimations for the lower
bound of the recourse function are based on expectation.

2.1. Feasibility and optimality cuts

Both of the algorithms (L-shaped and SD) are based on the
addition of linear constraints (known as cuts) to the first stage
problem. There are two types of cuts successively added
during the solution procedure:

1. Feasibility cuts.
2. Optimality cuts.

A feasibility cut is a linear constraint which ensures that
a first stage decision is second stage feasible. Notice that
a complete recourse problem does not need the addition of®
feasibility cuts. On the other hand, an optimality cut is a
linear approximation of(x) on its domain of finiteness, and
is determined based on the dual of the second stage problem.
As such, each optimality cut provides a lower bound (linear
support) onQ(x). Rico-Ramirez (2002provides a detailed
description of the implications and derivation of both of the
types of cuts.

2.2. SD algorithm

In the SD algorithm, it is necessary to sample at each it-
eration from a continuous probability distribution. For that
reason, the estimation of the lower boundQ@(k) is based

Step 0: Seb = 0, Vo = {@}, #” = —c0. X! is assumed as
given.

Step 1: Seb = v+ 1 and sample to generate an observa-
tion u¥ independent of any previous observation.

e Step 2: Determine the coefficients of a piecewise linear

approximation taQ(x):
(a) Solve the program:

maxz' (h, — Tpx"), st 7'W<gq

to find the values of the vectar, 7}, and makeV, =
Vi1 Um).
(b) Get the coefficients of the optimality cut:

1 v
g = Z(ﬂ;‘j)Thk
=1

Vv

I~ o7
GY = ;;(nz) Ti

wherern; is the solution to the problem (for ik #

V):
maxr' (hy — Tex"), st mweV,

Observe that the solution vector to these problems
can only be one of the vectors already included in the
set of solutionsV, (the solution set is restricted to
decrease effort).

(c) Update the coefficients of previous cuts:

v—1 _
8= Lok=1..,v-1
-1
G=""=G"1 k=1...v-1
%
Step 3: Solve:

mine'x +6", st Ax=b, 6'+Glx>g,
k=1,...,v

to obtainx"*1. Go to step 1.

There are several stopping criteria for the algorithm, such

as those based on error bound estimates and optimality

conditions. Here, however, only the most simple of the

stopping criteria is considered. The algorithm stops if:

(a) Change in the objective function is small.

(b) No new dual vectors are added to the set of dual
solutions,V.

Later in the paper, we will describe a computer implemen-

on expectation. The algorithm presented here corresponds tdation of this algorithm. It involves a framework that inte-
the basic version provided igle and Sen (1996Higle grates the GAMS modeling environment, the HSS sampling
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code and a &+ program which generates an LP problem hence is a preferred technique for uncertainty analysis as
for each SD iteration. well as optimization under uncertainty. The HSS sampling
technique will be used in our implementation of the SD
algorithm.
3. Hammersley sequence sampling
3.1. Error estimation
One of the most widely used techniques for sampling
from a probability distribution is the Monte Carlo (MC) The error bandwidth of samples generated by Monte Carlo
sampling technique. Crude Monte Carlo methods can resultsampling can be estimated from classic statistical methods.
in large error bounds (confidence intervals) and variance. No matter what the distribution af, the central limit theo-
Variance reduction techniques are statistical procedures de+em allows one to calculate the probabilistic error bands on
signed to reduce the variance in the Monte Carlo estimatesthe expected value of the random samples. For 95% confi-
(James, 1985 Importance sampling, Latin hypercube sam- dence intervals, the error bandwidth of Monte Carlo sam-
pling (LHS) (Iman & Conover, 1982Mckay, Beckman, & pling becomes:
Conover, 197Pand descriptive samplingéliby, 1990 are 1
examples of variance reduction techniques. EMCS X T
Recently, an efficient sampling technique (Hammersley N
sequence sampling) has been developel{dignanam and  where N is the number of samples. The use of the HSS
Diwekar (1997) which uses an optimal design scheme for presents an implication from the point of view of statistical
placing then points on ak-dimensional hypercube. This inference, since the central limit theorem cannot be applied
scheme ensures that the sample set is more representae HSS samples. For that reas@haudhuri and Diwekar
tive of the population, showing uniformity properties in  (1999)proposed a fractal dimension approach to character-
multi-dimensions, unlike Monte Carlo, Latin hypercube, ize and predict the error when generating a large number of
and its variant, the median Latin hypercube sampling tech- samples of the uncertain variable. Hence, for instance, in the
niques.Figs. 1 and Zompare the result of using HSS and case of stochastic annealing the following expression was
Monte Carlo to sample 100 points on a unit square (uniform derived:
distribution). The paper bitalgnanam and Diwekar (1997) 1
provides a comparison of the performance of the Hammer- €Hss X Ni8 4)
sley sampling (HSS) technique to that of other techniques.
It was found that the HSS technique is at least 3-100 A fractal approach will be used in this work in order to
times faster than LHS and Monte Carlo techniques and characterize the error of the approximations to the recourse

®3)

function.
116 o % o % =«
b ¥ .0 * ’o A ’° .
Rl I 4. 1mplementation
.0 B .o .' ‘0 0..
> 0544 .'. * ” S et The algorithm presented Bection 2.Zorresponds to the
e e .’0 % ot basic SD algorithm ofHigle and Sen (1996)Such authors
o* ** e 0" +. " also suggest additional concepts to improve performance of
,‘. .t :o At the algorithm. For instance, they present a stabilization strat-
b 0 0‘5 ) egy of the algorithm based on incumbent solutions; further-
)’( more, they prove the advantages of adding a regularizing

term to the objective function which allows the elimination

of redundant cuts. In this work, however, rather than ana-
lyzing the convergence properties, we are interested in the
impact that an efficient sampling technique may have in the

1 .
v Y ,‘ 4 :,: £ o convergence of the algorithm. For that reason, only the basic
Gy WL b, SD algorithm will be used.

w8 vt v Hence, we compare the performance of the SD algorithm
> 057 .:"' W Yew g when the HSS and the MC sampling techniques are used
. et 0 4 e ' to sample the random variables. The computational imple-

oy AT E mentation of the algorithm involves a framework that inte-

0fete * * e 4 grates the GAMS modeling environmeBtrooke, Kendrick,

0 0.5 1 Meeraus, & Raman, 1999the HSS sampling code (FOR-

X TRAN) and a G-+ program which generates the appropri-

Fig. 2. Monte Carlo sampling. ate LP problems for each SD iteration. The implementation
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Table 1
C++ Code Sampling i i i i i i inati
/ (FORTRAN) Chemical engineering stochastic linear programming applications
1) Generation of an N
approximation to Q(x): Case study First stage Second stage Random
sampling and multiple variables
| generation and Rows Columns Rows Columns
solution of LP’s \ GAMS - OSL
Boiler/turbo generator 1 2 21 28 4
‘ system
2) Addition of Refinery planning 4 5 12 13 8
optimality cut and « s GAMS - OSL p h ical ol 1 2 11 15 11
solution to the Ist B etroc _em|ca plant
stage problem planning

Fig. 3. Computational implementation of the algorithm. 5.1. Case study 1

. - ) The first case study is a boiler/turbo generator system
is shown inFig. 3 The master program is a+G- code  hrohlem. To produce electric power, this system con-

which is in_ charge qf calling GAMS (hum_jred of calls) and  t5ins two turbo generators (sédg. 4. Turbine 1 is a

the sampling technique. After a realization of the random e extraction turbine with two intermediate streams
variable is obtained, the solution of the dual of the second leaving at 195 and 62 psig; the final stage produces con-
stage problem is solved through GAMS-OSL. Then, the new yengate that is used as boiled feed water. Turbine 2 is
cut is obtained and previous cuts are updated. The first stage, single extraction turbine with one intermediate stream
problem is then solved and the algorithm starts over again ;; 195 psig and an exit stream leaving at 62psig with

with the sampling. no condensate being formed. To meet the electric power
demand, electric power must be purchased with a min-
imum base. The system may be modeled as linear con-

5. Application to chemical engineering examples straints and a linear objective function. The demands on
the resources are considered as uncertain variables in the

The stochastic version of three chemical engineering ex- problem.

amples are used as case studies for evaluating the impact

of using the HSS technique in the SD algorithm. These ex- 5.2. Case study 2

amples correspond to the stochastic versions of the exam-

ples presented bidgar, Himmelblau, and Lasdon (2001) The second problem is a refinery blending and production

Table 1provides the information about the basic structure problem. There are four types of crude processed by the

of each of the three cases. refinery. Also, the multi-unit refinery is disaggregated into
Fuel
Boiler
635 psig
stream
N
power
A y »>
. ) ) b Purchased
ressurc . P Turbine 2
: i reducing Turbine 1 (])|0WCT) (power) power
valve

Condensate

195 psig stream

v

Pressure
reducing

valve 62 psig strcam

A

\/

Fig. 4. Case study 1: boiler/turbo generator system.
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Crude
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>

. Jet Fuel
L

E Lube Chain Lube Oil R

Fig. 5. Case study 2: refinery planning.

two processes: a fuel chain and a lube chain Gge5).
The problem is to optimally allocate the crude between the
two processes subject to supply and demand constraints.

5.3. Case study 3

The third problem is very similar to the previous one.
A petroleum company receives five types of crude and ob-
tain six different products. The problem consists on decid-
ing the amount of crude which will be obtained from each
source in order to satisfy the demands and product specific-
ations.

5.4. Results

The values of the objective function as well as the error
are presented for each of the three cases fsge 6-1).
Also, Table 2 shows a summary of the results obtained
for each case. VSS stands for value of stochastic solu-

% Error

Obijective

%Error
n

771

-3400000

-3800000 -

-4200000

-4600000

200 250

300

200 250

- MC

Fig. 9. Error for case study 2.

300

Table 2
1180 Results
? Case study N (same average Exponent VSS
160 error) H (HSS) (% objective)
1140 : ‘ ‘ : HSS MC
0 20 40 60 80 100 Boiler/turbo generator 60 170 1.36 0.48
N system
Refinery planning 190 275 1.86 6.85
""" MC HSS Petrochemical plant 75 160 1.12 2.22

Fig. 6. Objective function for case study 1.

planning
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---------- MC HSS
Fig. 10. Objective function for case study 3.

% Error

16 11 7. Mixed-integer stochastic linear problems:
: preliminary analysis

Current research efforts focus on extending the proposed
analysis for stochastic mixed-integer linear programs. It is
expected that, since every node of the branch and bound al-
gorithm might be individually seen as a SLP, the number of

.. iterations and computer time when using HSS should be dra-
&g 100 L 4o matically reduced. The numbers presentedrigs. 12 and
. HES 13 correspond to a very simple problem on which there are

three binary variables, two deterministic continuous vari-

Fig. 11. Error for case study 3.

ables and two uncertain variables. For solving the problem,

a simplistic approach was used. That it, it was considered

tion and is given as a percentage of the value of the
objective function.H is the exponent used to character-
ize the error when using HSS for sampling. The first two
columns try to show a comparison about the number of
iterations needed in each of the methods (HSS and Monte
Carlo) in order to get the same average error. It is evi-
dent that this number changes with the selected average
value.

6. Discussion

For the three cases, it can be observed that the error pre-
sented with the HSS sampling is lower than that obtained
with the MC sampling. Hence, the reduction on the num-
ber of iterations and the error seems to be a general ad-
vantage of HSS with respect to other sampling techniques.
On the other hand, the fractal approach to characterize the
error did not produce a consistent result as expected. The
coefficients found for the HSS technique on the three cases
are different from each other. The reason for that might
be that the number of iterations used is relatively small
for this type of analysis, since the expected result is sup-
posed to apply for large values df Such a topic is now
under investigation. Finally, the values of VSS shown in
Table 2indicate that the benefit of solving the problems
as stochastic programs (instead of mean value problems) is
very important in cases 2 and 3 but, for case 1, is not really
significant.

F=10.104
Y=[1,1,0.528]

Infeasible

F=9.124 .
Q Y=[0,1,1] @ Infeasible

Fig. 12. Preliminary analysis in MISLP: depth first.

MC=177 F=8.995
HSS= 78 Y=[0.06,1,1]

Y =1

MC=181 F=9.124 MC=463 F=10.104
HSS= 99@ Y=[0,1,1] HSS= 243 @ Y=[1,1,0.528]

Fig. 13. Preliminary analysis in MISLP: breadth first.
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that each node is a SLPwR problem and the total number oftively small for each of the problems considered. Such an
iterations can be compared when using HSS and MC. Fromanalysis is the focus of ongoing research.

looking at the numbers shown Figs. 12 and 13even for

this simple example, we can observe a reduction of about

50% in the number of iterations needed. Acknowledgements
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