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Abstract

Batch distillation is an important separation process for small-scale production especially in pharmaceutical, specialty chemical and
biochemical industries. Although batch distillation units require lower capital cost than continuous units, the unsteady state nature of the
process, results in higher operating costs. Optimal control in batch distillation is a mode of operation which allows us to optimize the column
operating policy by selecting a trajectory for reflux ratio. Due to the uncertainties in thermodynamic models the reflux ratio profile obtained is
often suboptimal. Recently a new method was proposed by Rico-Ramirez et al. [Comput. Chem. Eng. 27 (2003) 1867] to include time-dependent
uncertainties in current formulations of batch distillation optimal control for ideal systems. In this paper, a general approach is proposed to
handle both dynamic and static uncertainties in thermodynamics for more complex non-ideal systems. The static uncertainties result from
the inaccuracies associated with predicting vapor–liquid equilibrium using group contribution methods such as UNIFAC. The unsteady state
nature of batch distillation translates these static uncertainties into time-dependent uncertainties. A new Ito process representation is proposed
for the dynamic behavior of relative volatility for non-ideal mixtures. Numerical case studies are presented to demonstrate the usefulness of
this approach for batch as well as bio-processing.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Batch distillation is a separation process widely used in
pharmaceutical, biochemical and specialty chemical indus-
tries. Batch columns are preferable to continuous columns
when small quantities of high technology/high-value-added
chemicals and bio-chemicals need to be separated. The flex-
ibility of batch units allows one to operate with completely
different feed stocks and product specifications. Although
the capital investment required for a batch column is less
than a continuous column, the unsteady state nature of batch
distillation results in higher operating costs.

Optimal reflux policy in batch distillation is a trade-off
between the two operating modes of variable reflux and
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constant reflux, based on the ability to yield the most
profitable operation. The computation of this policy re-
lies on optimal control theory. Optimal control problems
in batch distillation involve finding an open loop solu-
tion for the reflux ratio profile. The trajectory for reflux
ratio is followed by the controller to optimize the cho-
sen performance index. This trajectory is optimal when
the mathematical model accurately represents the physical
phenomena.

However, there are uncertainties in batch distillation
operation, which affect the trajectory computed for reflux
ratio. These uncertainties can be classified into two groups:
static uncertainties and dynamic uncertainties. Some of the
static uncertainties are translated into dynamic uncertainties
due to the time-dependent nature of the process and some
of them are not. For example, variability observed in initial
variables, such as the amount of feed,F and the feed com-
position,xF are static uncertainties. Since these are initial
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values in batch operation the uncertainties in these vari-
ables are not translated into dynamic uncertainties. It just
implies that the profile determined for reflux ratio needs
to be shifted to a new starting point and re-evaluated for
the accurate, optimum performance. On the other hand,
the static uncertainties in thermodynamic models can be
translated into dynamic uncertainties since they affect the
process model parameters changing with time. For in-
stance, relative volatility is a model parameter changing
with respect to time and plate during the batch process due
to the changes in chemical compositions. Therefore the
uncertainties in this time-dependent model parameter are
dynamic.

For many mixtures encountered in pharmaceutical, spe-
cialty chemical and biochemical industries, the thermody-
namic models are not exact or there is not enough data to
predict the behavior caused by non-idealities. These thermo-
dynamic uncertainties are static uncertainties, which in most
cases can be represented by probability distributions func-
tions. However, since batch distillation is of unsteady state
nature, static uncertainties are translated into time-dependent
(dynamic) uncertainties which affect the optimal operating
conditions, as discussed above.

Recently, for the first time, a paper byRico-Ramirez,
Diwekar, and Morel (2003)presented a new approach to
optimal control problems in batch distillation. In this pa-
per, Real Options Theory from finance literature was used
to include time-dependent uncertainties in current formula-
tions of batch distillation optimal control. It was proved to
be very useful for an ideal system of pentane–hexane (Ulas,
Diwekar, & Rico-Ramirez, 2003). The uncertainties in rela-
tive volatility of this mixture were modeled using geometric
Brownian motion and a new expression was derived for the
stochastic reflux ratio profile. It was shown that the stochas-
tic reflux ratio profile improves the process performance sig-
nificantly as compared to the reflux ratio profile computed
by deterministic approaches.

The aim of this work is to propose a general systematic
approach to handle thermodynamic uncertainties in batch
distillation for more complex, non-ideal systems. Case stud-
ies will be presented to study the effect of these uncertainties
on optimal control profiles and overall performance of the
process. The potential of this approach for bio-processing
will also be explored.

This paper is divided into seven sections. The next sec-
tion provides an overview of thermodynamic uncertainties in
batch distillation.Section 3is related to modeling dynamic
uncertainties using various Ito processes for ideal as well
as non-ideal systems.Section 4provides a methodology for
handling static uncertainties using stochastic modeling ap-
proach. In this section the static uncertainties in UNIFAC
models are characterized, quantified and propagated into the
dynamic model of batch distillation. InSection 5, the effect
of uncertainties on optimal control profiles is studied and re-
sults are presented inSection 6. Finally,Section 7concludes
the paper.

2. Thermodynamic uncertainties in batch distillation:
static and dynamic

The thermodynamic uncertainties in batch distillation can
be classified into two groups: (1) dynamic uncertainties, (2)
static uncertainties.

The dynamic uncertainties are the outcome of the
time-dependent nature of batch distillation process. For ex-
ample, let us consider relative volatility, a thermodynamic
parameter which provides the equilibrium relationship be-
tween the vapor and liquid phases. This thermodynamic
parameter changes with respect to time and each plate due
to the changes in chemical compositions in a batch distilla-
tion column. However, in the time-implicit shortcut model
of batch distillation used for faster and efficient optimal
control calculations, the relative volatility is assumed to
be constant. Therefore, the performance of the process is
reduced, due to the computation of a reflux ratio profile
based on this model. This was demonstrated by rigorous
simulation results for an ideal system of pentane–hexane
(Rico-Ramirez et al., 2003; Ulas et al., 2003). The effects
of thermodynamic uncertainties are more significant when
the separation of complex thermodynamic systems, such as
non-ideal, azeotropic or close-boiling mixtures are consid-
ered.

Furthermore, for complex non-ideal, azeotropic or
close-boiling mixtures, there are also static uncertainties
inherent in rigorous thermodynamic models such as UNI-
FAC, UNIQUAC or NRTL, used to predict vapor–liquid
equilibrium. These uncertainties need to be characterized,
quantified and included in the framework. There are diffi-
culties encountered in uncertainty characterization due to
the reasons listed below:

1. Group interaction parameters are generated from the
available experimental data of various chemicals, result-
ing in scattered interaction parameters.

2. Highly non-linear correlations exist between these pa-
rameters.

3. In general, the parameter estimation step results in mul-
tiple solutions due to multiple local optima.

For example,Fig. 1 shows the uncertainties in more
than 1800 interaction parameters present in the UNIFAC
model to predict the solvent selection objectives for the
acetic acid–water separations, collapsed in terms of three
parameters in a recent study byKim and Diwekar (2002).
In this figure, the uncertainty factor is defined as the ra-
tio of experimental values ofγ∞, which is defined as
the activity coefficient at infinite dilution to theγ∞ val-
ues predicted by the UNIFAC model. Thermodynamics is
used to identify three kinds of interactions, organic–water
(lognormal distribution), organic–organic (lognormal dis-
tribution), water–organic (normal distribution). This di-
vision considers the difference between properties of
water and those of organic chemicals. The deviation of
uncertainty factor from the value of 1, shows the uncer-
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Fig. 1. Probability density functions of uncertainty factors (UFs) for the
organic–water, water–organic and organic–organic families.

tainties in UNIFAC model predictions, which are static
uncertainties.

When static uncertainties are considered within the con-
text of batch distillation, these will be translated into dy-
namic uncertainties because of the time-dependent nature
of the process. Therefore, in this paper, first a methodology
for modeling dynamic uncertainties in batch distillation is
presented using Ito’s Lemma and Ito Processes. Then, static
uncertainties inherent in different UNIFAC models will be
characterized, quantified and propagated into the framework
using the stochastic modeling approach. Then the effect of
these uncertainties on the optimal control profiles will be
studied.

3. Modeling dynamic uncertainties

Dynamic uncertainties in batch distillation were consid-
ered byRico-Ramirez et al. (2003)for the first time. Using an
Ito process such as geometric Brownian motion, the authors
represented the dynamic uncertainties in relative volatility
for an ideal mixture of pentane–hexane. In this work, un-
certainties in relative volatility for a non-ideal mixture are
considered and for non-ideal mixtures, a different Ito pro-
cess representation is proposed, namely the geometric mean
reverting process. Before, going into the details of this work,
background information about various Ito processes can be
found inSection 3.1. For a more thorough discussion on Ito
processes please refer to these sources in literature (Diwekar,
2003; Dixit & Pindyck, 1994).

3.1. Ito processes

Ito processes are a large class of continuous time stochas-
tic processes. One of the simplest examples of a stochastic
process is the random walk process. The Wiener process,
also called a Brownian motion, is a continuous limit of the

random walk and serves as a building block for Ito pro-
cesses, through the use of proper transformations.

A Wiener process satisfies these three important proper-
ties:

1. It satisfies the Markov property. The probability distribu-
tion for all future values of the process depends only on
its current value.

2. It has independent increments. The probability distribu-
tion for the change in the process over any time interval is
independent of any other time interval (non-overlapping).

3. Changes in the process over any finite interval of time are
normally distributed, with a variance which is linearly
dependent on the length of time interval, dt.

The general equation of an Ito process is given below:

dx = a(x, t)dt + b(x, t)dz (1)

where dz is the increment of a Wiener process, anda(x, t)
andb(x, t) are known functions. There are different forms of
a(x, t) andb(x, t) for various Ito processes. In this equation,
dz can be expressed by dz = εt

√
dt, whereεt is a random

number drawn from a unit normal distribution.
The simplest generalization ofEq. (1)is the equation for

Brownian motion with drift given by

dx = αdt + σ dz (2)

whereα is called the drift parameter, andσ the variance
parameter.Fig. 2 shows the sample paths ofEq. (2).

Other examples of Ito processes are the geometric Brow-
nian motion with drift given below inEq. (3)and the mean
reverting process given inEq. (4)andFig. 3:

dx = αx dt + σx dz (3)

dx = η(x̄ − x)dt + σ dz (4)

whereη is the speed of reversion andx̄ is the nominal level
thatx reverts to. In geometric Brownian motion, the percent-
age changes inx and�x/x are normally distributed (abso-
lute changes are lognormally distributed). In mean reverting
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Fig. 2. Sample paths of a Brownian motion with drift (reproduced from
Diwekar, 2003).
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Fig. 3. Sample paths of a simple mean reverting process (reproduced
from Diwekar, 2003).

processes, the variable may fluctuate randomly in the short
run, but in the longer run it will be drawn back towards the
marginal value of the variable. In the simple mean reverting
process the expected change inx depends on the difference
betweenx andx̄. If x is greater (less) than̄x, it is more likely
to fall (rise) in the next short interval of time. If the variance
also grows withx, then one can use a geometric mean re-
verting process which is discussed in the following section
(Eq. (6)).

3.2. Relative volatility: an Ito process

In finance literature, Ito processes were used to repre-
sent the time-dependent variations in stock prices (Dixit &
Pindyck, 1994). The similarities between the stock prices,
which are an example of an Ito process and relative volatil-
ity, are given below:

• Both have time dependent variations. The technology
stock fluctuates around the mean randomly, but over time
has a positive expected rate of growth. Relative volatility,
on the other hand, fluctuates around the geometric mean
across the column height, but over a time period the mean
decreases for ideal systems.

• Similar to the stock prices, relative volatility can be mod-
eled as a Markov process because, at any time period, the
value of relative volatility depends only on the previous
value. The changes for both are non-overlapping.

• The changes in the process over any finite time interval
of time arelognormally distributed. In order to demon-
strate this, numerical experiments can be performed
where the data is generated from a rigorous simulation
in MultiBatchDSTM (Diwekar, 1996; Diwekar & Madha-
van, 1991). Here, the rigorous model is used as a proxy
for real experiments for various thermodynamic systems.

The results of a numerical case study showed that the
uncertainties in relative volatility for an ideal mixture of
pentane–hexane can be represented by a geometric Brownian

motion (Rico-Ramirez et al., 2003) with drift. The equation
for geometric Brownian motion is given inEq. (5).

αt = αt−1(1 + β�t) + σαt−1εt
√
�t (5)

3.3. Non-ideal system (ethanol–water)

In this paper, the dynamic uncertainties in relative volatil-
ity for a non-ideal mixture, such as ethanol–water, are
studied. This mixture forms a minimum-boiling azeotrope,
which results in a different relative volatility profile than an
ideal system as shown inFig. 4.

It was found that because of the azeotropic point, the
relative volatility is best modeled with ageometric mean
reverting processrather than a geometric Brownian motion.
The equation for the geometric mean reverting process is:

dα = η(ᾱ − α)dt + σαdz (6)

In this equation it is expected that theα value reverts to
ᾱ, but the variance rate grows withα. Here,η is the speed of
reversion, and̄α is the “normal” level ofα, that is, the level
which α tends to revert. In order to predict the constants in
Eq. (6), a regression analysis can be performed using the
available discrete time data.

We can writeEq. (6), in the following form:

αt − αt−1 = ηᾱ�t − ηαt−1 �t + σαt−1εt
√
�t (7)

If we compare the equations for geometric Brownian mo-
tion (Eq. (5)) and geometric mean reverting process (Eq. (7)),
we can see that these equations differ from one another by
the constant termηᾱ�t. This constant term reflects the re-
version trend.

If we divide both sides byαt−1, Eq. (8) is obtained:

αt − αt−1

αt−1
= C1

αt−1
+ C2 + et (8)

In this equation,C1 = ηᾱ�t, C2 = −η�t and et =
σεt

√
�t. By running this regression using the avail-

able discrete time data from the rigorous simulation of
ethanol–water separation, we can find the values ofC1 and
C2, which enable us to predict the constants inEq. (8).
From the standard error of regression, one can calculate the
standard deviationσ. Using this procedure, the constants
are found as:η = 0.4208, ᾱ= 2.8265 andσ = 0.18. The
R2 value obtained from the regression was 0.92. If we plug
these numbers inEq. (7), we obtain:

αt − αt−1 = 0.4208(2.8265)�t − 0.4208αt−1�t

+ 0.18αt−1εt
√
�t (9)

Using this equation, the sample paths for mean reverting
process are generated. The results of rigorous simulation and
the sample paths for the mean reverting process are shown
in Figs. 4 and 5, respectively. If we compareFigs. 4 and
5 we can see that, the 66% confidence intervals inFig. 5
cover the range of relative volatilities for plates 1–10 from
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Fig. 4. Results of rigorous simulation for the separation of ethanol–water in a batch distillation column.

rigorous simulation. Each sample path inFig. 5 is gener-
ated for a different set of random numbers (εt in Eq. (9))
drawn from a unit normal distribution. The highR2 value
obtained from regression shows that this system could be
represented by a geometric mean reverting process. These
figures confirm that the relative volatility for non-ideal sys-
tems like ethanol–water can be represented by geometric
mean reverting process. It was also observed that this also
holds true for acetonitrile–water, another azeotropic system
(Ulas & Diwekar, 2004).

These results show that the dynamic uncertain behavior
of relative volatility can be represented with Ito processes
like geometric mean reversion (for non-ideal system) or ge-
ometric Brownian motion (for ideal system). As mentioned
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Fig. 5. Sample paths of geometric mean reversion process with 66% confidence intervals.

before, static uncertainties should also be taken into consid-
eration for non-ideal systems because of the inaccuracies in
vapor–liquid equilibrium predictions using group contribu-
tion methods such as UNIFAC. The next section is about
modeling static uncertainties.

4. Static uncertainties and stochastic modeling

The uncertainties in static parameters such as binary inter-
action parameters of group contribution methods like UNI-
FAC can be modeled using probabilistic techniques and
stochastic modeling. Probabilistic or stochastic modeling
achieves this using an iterative procedure involving these
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steps (Diwekar & Rubin, 1991) which will be summarized
in the following subsections:

1. Specifying uncertainties in model parameters in terms of
probability distributions.

2. Sampling the distribution of the specified parameter in
an iterative fashion.

3. Propagating the effects of uncertainties through the
model.

4. Applying statistical techniques to analyze the results.

4.1. Specifying uncertainty using probability distributions

The various types of uncertainties in static parameters
can be represented by different probability distribution func-
tions. The type of distribution for an uncertain variable is
a function of amount data available and the characteristic
of the distribution function. In this work, the static uncer-
tainties in UNIFAC parameters are considered for the pre-
diction of activity coefficientsγi for a given mole fraction
and temperature. For uncertainty characterization, experi-
mental vapor–liquid equilibrium data for ethanol–water sys-
tem providing the temperature and the compositions of the
vapor and liquid phases for a constant pressure of 1 atm were
collected from DECHEMA database (Gmehling & Onken,
1984). Then the activity coefficientsγi were computed us-
ing experimental data and UNIFAC models. The procedure
is described below:

Step 1: Assuming that the total pressure and the vapor
pressure of the species are sufficiently low that all fugacity
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Fig. 6. Probability density estimate of the uncertainty factor UF(1) for UNIFAC 2-parameter model and the lognormal distribution fit.

coefficient corrections are negligible, the following equation
is used to represent phase equilibrium:

xiγi(T, P, x)P
vap
i (T) = yiP (10)

Step 2: For each experimental data point for temperature,
the vapor pressure is computed by the Antoine equation.
Then for each experimentalT–P–x data, the activity coeffi-
cients�1 and�2 are found for two components.

Step 3: In this step, activity coefficients are computed us-
ing UNIFAC. For the UNIFAC models, we need to supply
the temperature and the composition of one of the phases
as well as the number of groups in each molecule from
the menu of UNIFAC groups. In order to compare the ac-
tivity coefficients calculated from experimental values, the
available data for temperature and the liquid phase com-
positions are given as input to the UNIFAC model. Three
models are considered for this purpose; original UNIFAC
model with 1 group interaction parameter/coefficient for
each interaction (Hansen, Rasmussen, Fredenslund, Schiller,
& Gmehling, 1991), linear UNIFAC with two group inter-
action parameters/coefficients for each interaction (Hansen,
Coto, & Kuhlmann, 1992) and modified UNIFAC with three
group interaction parameters/coefficients for each interac-
tion (Larsen, Rasmussen, & Fredenslund, 1987).

Step 4: After prediction of activity coefficients by the
UNIFAC models, the activity coefficients calculated from
experimental data and predicted by UNIFAC are compared.
For this an uncertainty factor is defined:

UF = γexperimental

γUNIFAC
(11)
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Fig. 7. Probability density estimate of the uncertainty factor UF(2) for UNIFAC 2-parameter model and the normal distribution fit.

If the median value for the uncertainty factor UF= 1, this
means that we have a perfect model. If the uncertainty factor
UF > 1, this implies that the deviations from ideal solution
behavior are larger than what is predicted by the model and
the opposite of that for the case of UF< 1. The uncertainty
factor is computed for activity coefficients of the two com-
ponents: UF(1)–ethanol and UF(2)–water. The distributions
for UF(1) and UF(2) for three UNIFAC models were found
to be qualitatively the same (Ulas, 2003). The results for
UNIFAC 2 parameter model is given inFigs. 6 and 7. This
model was chosen to study the effect of static uncertainties,
because it was also used for the modeling of dynamic be-
havior of relative volatility inSection 3for ethanol–water
system (Fig. 4).

Step 5: From the probability density estimates, the un-
certainty factors UF(1) and UF(2) appear to be lognormal
and normal distributions, respectively.Figs. 6 and 7shows
the fit obtained for the two parameters UF(1) and UF(2) as
lognormal and normal distributions andTable 1presents the
mean and variance values.

4.2. Sampling techniques in stochastic modeling

After choosing a probability distribution to represent
the uncertain parameters, the next step is sampling from

Table 1
Lognormal and normal distribution fits for the uncertainty factor

Probability distributions Mean (�m) Standard deviation (σ)

Lognormal distribution UF(1) 0.00628 0.033
Normal distribution UF(2) 1.061 0.041

the multi-variable uncertain parameter domain (Diwekar &
Rubin, 1991). There are different kinds of sampling meth-
ods, such as crude Monte Carlo method, which is based on
a pseudo-random generator used to approximate a uniform
distribution. The specific values of each input variables
are selected by inverse transformation over the cumulative
probability distribution. However, crude Monte Carlo meth-
ods can result in large error bounds (confidence intervals)
and variance.

Recently, an efficient sampling technique was developed
by Kalagnanam and Diwekar (1997). This technique uses
an optimal design scheme for placing then points on a
k-dimensional hypercube. This scheme ensures that it is
more representative of the population showing uniformity
properties in multi dimensions. The paper byKalagnanam
and Diwekar (1997)provides a comparison of the perfor-
mance of the Hammersley sampling (HSS) technique to that
of other techniques. It was found that the HSS technique is
at least 3–100 times faster than Latin Hypercube Sampling
and Monte Carlo techniques and hence is a preferred tech-
nique for uncertainty analysis as well as optimization under
uncertainty. In this work, after obtaining the fits for uncer-
tainty factors UF(1) and UF(2), using the mean and variance
values shown inTable 1, Hammersley sequence sampling
(HSS) method was used to generate 100 samples for UF(1)
and UF(2).

4.3. Propagation of uncertainties through the model

After characterization and quantification of uncertainties
with probability distributions and sampling, the next step



2252 S. Ulas, U.M. Diwekar / Computers and Chemical Engineering 28 (2004) 2245–2258

Uncertain
Variables 

Output
Variables 

Analysis of
output variables Stochastic

Modeler 

Process 
Simulator 

Fig. 8. Stochastic modeling framework.

is to propagate the uncertainties through the model. Fig. 8
shows an illustration of a stochastic modeling framework.
The stochastic modeler assigns the specified distributions
to the input parameters and samples the uncertain vari-
ables using HSS sampling. Each sample is then propagated
through the model. After a model simulation is run, the
output variables of interest are collected. The simulation
is then repeated for a new set of sample selected from the
probabilistic input distributions. After all samples or ob-
servations go through the cycle for a specified number of
times (typically 20–100 or more, depending on the accuracy
sought by the user), the outputs are collected in terms of
cumulative probability density functions.

In this project, this framework is used to propagate
the uncertainties in UNIFAC group contribution methods
through the rigorous simulation model of batch distillation,
MultiBatchDSTM. After running the rigorous simulator
at each sample, outputs are collected and analyzed using
statistical techniques. The 100 samples for uncertainty
factors UF(1) and UF(2) are propagated into the rigorous
model (MultiBatchDSTM) to see the effects on the relative
volatility profiles and the Ito process representation. These
profiles are shown in Fig. 9, where each symbol shows the
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Fig. 10. Sample paths of geometric mean reverting process with the new coefficients and 66% confidence intervals.
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Fig. 9. Results of rigorous simulation for 100 samples of uncertainty
factors; UF(1) and UF(2).

variation of relative volatility on a plate with respect to time
at each sample of uncertainty factors UF(1) and UF(2).
The variation in relative volatility increases as we proceed
from top plate to bottom plate and as the batch time pro-
ceeds. In this figure we have a wider envelope of profiles
for relative volatility which contains the profile shown in
Fig. 4. However, the variation in relative volatility can still
be represented using the geometric mean reverting process.

A second statistical analysis is performed using this data
to see the effect of UNIFAC uncertainty on the coefficients
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found previously (Section 3.3) for the geometric mean re-
verting process. The results of this analysis and the new
sample paths with the 66% confidence intervals are shown
in Fig. 10. The new coefficients found are: η = 0.1598,
ᾱ = 3.2762 and σ = 0.1869. Therefore, the new equation
becomes:

αt − αt−1 = 0.1598(3.2762)�t − 0.1598αt−1 �t

+ 0.1869αt−1εt
√
�t (12)

5. Effect of uncertainties on optimal control

In this section the mathematical tools introduced in Chap-
ter 3 including Ito’s Lemma (Ito, 1951, 1974) and Merton’s
optimality conditions (Merton & Samuelson, 1990) are ap-
plied to batch distillation optimal control problems. This
approach was initially proposed by Rico-Ramirez et al.
(2003) for ideal systems, and the usefulness of this ap-
proach was demonstrated by case studies involving ideal
and non-ideal systems by Ulas et al. (2003). This section
presents a generalized approach for both ideal and non-ideal
systems. Merton’s optimality conditions allow us to find
optimal control profile when there are uncertainties are as-
sociated with state variables. In the last section, we have
seen that relative volatility uncertainties can be expressed
in terms of Ito processes. What is the relation between rel-
ative volatility uncertainties and the uncertainties in state
variables? This section explores this question.

5.1. State variable and relative volatility

In the quasi steady state method of batch distillation opti-
mal control problems considered in this work, the integration
of state variables leads to the calculation of the rest of the
variables assumed to be in quasi steady state. Such variables
in quasi steady state are determined by applying the shortcut
method calculations. By using Ito’s Lemma, we can show
that the uncertainty in the calculation of the relative volatil-
ity affects the calculation of one of the state variables (x2

t ,

which is the same as x
(1)
B ), which can also be represented as

an Ito process.
Let us now focus on the expression for the dynamic be-

havior of the bottom composition of the key component as-
suming that it is an Ito process:

dx2
t = V

RtU + 1

(x
(1)
B − x

(1)
D )

Bt

dt + x2
t σ2 dz (13)

This equation can be written in the general form:

dxt = f1(xt, θt, xs)dt + xtσi dz (14)

We should prove that the behavior of this state variable is
in this form (Ito process representation) to be able to modify
the equations for the calculation of optimal reflux policy.
To relate the relative volatility with the state variable x2

Hengestebeck–Geddes (HG) equation is considered, which
relates the relative volatility to the bottom composition x

(1)
B

through the constant C1.

1 = x
(1)
D

x
(1)
B

α
−C1
1

n∑

i=1

α
C1
i x

(i)
B (15)

Taking the derivatives of this expression implicitly with
respect to x

(i)
B and α

C1
i , we obtain

−dx(i)B

x
(i)
B

= dαC1
i

α
C1
i

(16)

If we express the behavior of relative volatility by the
general equation for an Ito process:

dα = f1(α, t)dt + f2(α, t)dz (17)

For the geometric Brownian motion and the geometric
mean reverting process, the variance of the changes in α is
a function of α, in other words, f2(α, t) is the same for both
of these processes. Therefore we can write Eq. (17) in the
following form:

dα = f1(α, t)dt + ασ dz (18)

Then by using Ito’s Lemma;

dF = ∂F

∂x
dx + ∂F

∂t
dt + 1

2
∂2F

∂x2
σ2x2 dt (19)

We can obtain an expression for the relative volatility to the
power of C1:

dαC1 = ∂αC1

∂α
dα + 1

2
∂2αC1

∂α2
σ2α2 dt (20)

Simplifying,

dαC1 = C1α
C1−1 dα + 1

2σ
2αC1C1(C1 − 1) dt (21)

Combining this equation and Eq. (18), we can obtain the
expression:

dαC1 = C1α
C1−1(f1(α, t) dt + ασ dz)

+ 1
2σ

2αC1C1(C1 − 1) dt (22)

Therefore, it can be shown that

dαC1

αC1
= C1(f1(α, t)dt + σ dz) (23)

Recall that:

−dx2

x2
t

= −dx(i)B

x
(i)
B

= dαC1
i

α
C1
i

(24)

Using this relation, it can be shown that the equation for the
state variable x2 is in this form:

dx2
t = −C1f1(x2, θt, xs)dt − C1x2σ dz (25)

Therefore, the general case shown in Eq. (18) is validated.
Note that Eq. (25) establishes that the uncertain behavior
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for the relative volatility results in a similar behavior for
the dynamics of x2

t . That is if relative volatility α is an Ito
process, then x2

t can represented by a similar Ito process. For
ideal system, this process is geometric Brownian motion,
while for non-ideal system like ethanol–water it is found to
be geometric mean reverting process.

5.2. Stochastic optimal control problem: an efficient
solution

Using the information derived in the previous section,
coupled maximum principle and non-linear programming
approach by Diwekar (1992) can be used for the solution of
optimal control problem in the uncertain case but, in order
to do that, the derivation of the appropriate adjoint equa-
tions is required. For details of this derivation please re-
fer to (Diwekar, 2003; Rico-Ramirez & Diwekar, in press;
Rico-Ramirez et al., 2003). In the uncertain case the Hamil-
tonian is augmented with terms involving second deriva-
tives with respect to the state variables. In a similar way,
adjoint equations corresponding to uncertain state variables
will contain an extra term, which accounts for the uncertain
behavior of the state variable (due to uncertainties in relative
volatility). The solution to this problem gives the following
equation for the dynamics of the reflux ratio profile for both
ideal and non-ideal systems:

RtU = x1
t − z(x2

t − x
(1)
D )

(∂xD
(1)/∂RtU)z

+ x1
t

[
σ2(∂σ2/∂RtU)(x

2
t )

2ξ
] [

(RtU + 1)2/V
]

(∂x
(1)
D /∂RtU)z

− 1

(26)

where

ξ = ∂2L/(∂x2
t )

2

∂L/∂x1

and

z = ∂L/∂x2
t

∂L/∂x1

This representation allows the use of the solution algo-
rithm proposed by Diwekar (1992). The algorithm involves
the solution of the NLP optimization problem for the scalar
variable R0, the initial reflux ratio subject to

1. The dynamics of the state variables with state variable x2
and relative volatility α as Ito processes,

2. The adjoint equations, and the initial conditions for these
adjoint equations, derived in terms of the decision vari-
able R0, and

3. The optimality conditions for the reflux ratio profile.

A computer implementation of this algorithm has been in-
corporated to the MultiBatchDSTM batch process simulator
for the uncertain case. Section 6 shows the results obtained
from the case studies.

6. Results and discussion

It was shown previously that the uncertainties in relative
volatility of ideal and non-ideal mixtures can be represented
by Ito processes. In the previous section, the model equations
are modified to include the uncertainty in relative volatility
and state variables and to derive the necessary adjoint equa-
tions and optimality conditions for the reflux ratio profile.
The next step is to demonstrate the usefulness of this ap-
proach by real world case studies. In this work, optimal re-
flux policy is computed for the separation of ethanol–water
(non-ideal) mixture. The case studies considering static as
well as dynamic uncertainties can be divided into two parts:
(1) computation of the optimal reflux profile for the deter-
ministic case and the stochastic case; (2) comparison of the
column performances for the two cases by rigorous sim-
ulation in MultiBatchDSTM with rigorous thermodynamic
models. In the first part the maximum distillate problem is
solved using the coupled maximum principle and non-linear
programming (NLP) approach for two cases:

1. The stochastic case: where the relative volatility is repre-
sented as an Ito process and updated at each time interval

2. The deterministic case: where the relative volatility is
taken as constant at the initial value.

The two reflux ratio profiles are given to the rigorous sim-
ulator as a proxy to experiments to validate the results and
compare the column performances. The performance indices
compared are the amount of distillate (product yield) and
the average distillate composition (product purity). Effect
of UNIFAC uncertainties on the optimal control profiles is
presented in Section 6.2.

6.1. Case studies: ethanol–water system

Ethanol–water is a non-ideal mixture which forms a min-
imum boiling azeotrope. It was shown in Section 3 that the
relative volatility of ethanol–water mixture follows a geo-
metric mean reverting profile. In this case study, the rel-
ative volatility is taken as constant at the initial value for
the deterministic case and it is updated using the geomet-
ric mean reversion process for the stochastic case, which
is shown in Fig. 5. For the optimal control problem, the
system considered is 100 kmol of ethanol–water being pro-
cessed in a batch column with 1 atm pressure, 13 theoretical
stages, 33 kmol/h vapor rate and the batch time is 2 h. For
this problem, the purity constraint on the distillate is speci-
fied as 90%. The optimal reflux profiles and optimal reflux
flow rates for the stochastic case and the deterministic case
are shown in Figs. 11 and 12, respectively. There is a sig-
nificant difference between the two profiles; due to the fact
that the mixture forms an azeotrope and the effect of this
non-ideality is reflected on both the relative volatility and
the reflux ratio profiles.

These two profiles for the reflux ratio are given to a rig-
orous simulator (MultiBatchDSTM) to compare the process
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Fig. 11. Optimal reflux ratio profiles for the deterministic and stochastic
cases.
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Fig. 12. Optimal reflux flow rates for the deterministic and stochastic
cases.

performances. The average purity results of rigorous simula-
tion are given in Table 2. Because of the azeotrope, the purity
is the almost the same at about 90% for both of these cases.
However, for the deterministic case the distillate amount is
69% lower than the stochastic case. The change in amount of

Table 2
Purity results for deterministic and stochastic cases

Cases I XDA(I) average
distillate purity

XF(I)
feed

XB(I) bottoms
purity

Stochastic Ethanol 0.8992 0.48 0.1884
Water 0.1007 0.52 0.8116

Deterministic Ethanol 0.9088 0.48 0.2977
Water 0.0911 0.52 0.7022
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Fig. 13. The change of distillate during batch operation for the stochastic
and deterministic cases.

distillate during batch operation can be seen in Fig. 13. This
case study shows that representing non-ideal mixture behav-
ior with Ito processes can significantly improve the product
yield. These results prove that the uncertainties in non-ideal
mixtures have significant effect on the process performance
and without considering these uncertainties; the reflux pro-
files obtained are no longer optimal. For the ethanol–water
case updating the relative volatility at each time step fol-
lowing the path of a mean reverting process enables us to
reach a completely different reflux ratio profile and a better
product yield.

6.2. Effect of UNIFAC uncertainties

In Section 4, it was shown that the UNIFAC uncertainties
are static uncertainties which are translated into dynamic un-
certainties. In other words, these static uncertainties affect
the time-dependent changes in relative volatility. The rela-
tive volatility profile shown in Fig. 9, including the UNIFAC
uncertainties (uncertainty factors propagated through the rig-
orous model) is significantly different than the profile shown
in Fig. 4, where the published values for UNIFAC binary in-
teraction parameters are utilized. Although, we can use the
same Ito process representation for the dynamic behavior of
relative volatility, the statistical analysis carried out result
in different parameter constants for the geometric mean re-
verting process. The new parameter constants are shown in
Eq. (12). Using these parameters, optimal control problem
is solved and the reflux ratio profile obtained is compared
with the other two profiles from deterministic and stochas-
tic cases, shown in the previous section. The results are dis-
played in Figs. 14 and 15. Once more, the new reflux ratio
profile is given to a rigorous simulator (MultiBatchDSTM)
and the uncertainty factors for the UNIFAC method are prop-
agated through the rigorous model. Fig. 16 shows the change
of distillate during batch operation for the three cases.
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Fig. 14. Optimal reflux ratio profiles.
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Fig. 15. Optimal reflux flow rates.
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Fig. 17. The probability distribution of average purity obtained by propagating 100 samples of uncertainty factors through the rigorous model of batch
distillation.
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Fig. 16. The change of distillate during batch operation.

The case where relative volatility is kept constant (deter-
ministic), the case where relative volatility is represented by
geometric mean reversion (stochastic) but UNIFAC uncer-
tainties are not included, and the final case where both the
dynamic uncertainties (time-dependent changes in relative
volatility) and the static uncertainties (UNIFAC model) are
considered. For the third case, the average profile obtained
from 100 samples of uncertainty factors (UF(1) and UF(2))
is shown. As we can see, the amount of distillate, when the
UNIFAC uncertainties are included is higher than both the
deterministic and stochastic cases. Finally, the results for
average purity are generated for 100 samples. The proba-
bility distribution for the average purity is given in Fig. 17.
A perfect fit is obtained with a normal distribution of mean
µ = 0.87005 and a standard deviation of σ = 0.0249.

In this case study, we can see the effect of UNIFAC uncer-
tainties on the optimal reflux ratio profile, and the resultant
product yield and purity. Although we can see that, consid-
ering UNIFAC uncertainties enables us to obtain a higher
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amount of distillate (yield), a higher impact is observed on
the average product purity, resulting in a normal distribution.

Considering static and dynamic uncertainties at the stages
of design and operation have a significant impact on the pro-
cess performance. This method promises to be very func-
tional for cases where the vapor–liquid equilibrium data
is not available such as bio-separations. This project will
also have great impact on pharmaceutical separations, where
there are inaccuracies in vapor–liquid equilibrium predic-
tions, if this theory is applied to multi-component systems
and environmentally benign solvent selection and recycling
problem.

7. Conclusion

In this paper, optimal control policies for a batch dis-
tillation process are determined considering static and
time-dependent uncertainties in thermodynamics. These
time-dependent uncertainties are included in the process
models by using a class of stochastic processes called Ito
processes. The thermodynamic parameters, such as the
relative volatilities, which are taken as constants in the
deterministic models are represented by Ito processes. It
is shown that for non-ideal system, the dynamic behav-
ior of relative volatility is best modeled with a geometric
mean reverting process. The behavior of relative volatility
is also reflected on one of the state variables. Using Ito’s
Lemma and Merton’s optimality conditions, the coupled
maximum principle and non-linear programming approach
can be modified to include time-dependent uncertainties.
This approach enables us to obtain a more realistic repre-
sentation of the process and a control profile that improves
the batch distillation performance indices like the prod-
uct purity and yield. The usefulness of this approach is
demonstrated by case studies with a non-ideal system using
MultiBatchDSTM, batch distillation simulation package.
The uncertainties in group contribution methods (UNIFAC)
used for the estimation of phase equilibria and their effects
on the model parameters are also illustrated in this work
using extensive experimental data available in literature.
The static uncertainties (UNIFAC uncertainties) affect the
expected average purity more than the product yield and
a normal distribution is obtained for the average purity is
obtained.

The future work is to extend this theory to separations in
bio-processing where the vapor liquid equilibrium data is not
available and the process thermodynamics is not well under-
stood. Recently, the separation of methanol from bio-diesel
was simulated by Ulas and Diwekar (2003). For example,
rape methyl ester (RME) is a form of bio-fuel which is re-
garded as an alternative to petroleum based diesel. For the
production of this bio-fuel, methanol is used as a solvent
and it is recovered by distillation at the end of the process.
Fig. 18 shows the results of rigorous simulation for the sep-
aration of methanol from bio-diesel. Since no data for the
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Fig. 18. Rigorous simulation results for the separation of methanol from
bio-diesel (Ulas & Diwekar, 2003).

vapor–liquid equilibrium is available for the separation of
RME from ethanol, the individual components or the fatty
acids which constitute the rape methyl ester are lumped to
predict the phase equilibrium. This figure demonstrates the
uncertainties involved in predicting relative volatility of this
mixture. There is a significant amount of change in relative
volatility with respect to time for this mixture, so the char-
acterization and quantification of static and dynamic uncer-
tainties for this mixture can yield a significant improvement
in operation.
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