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The determination of time-varying profiles through dynamic optimization is an exclusive characteristic
of optimal control problems; however, these types of problems become more challenging when variabil-
ity and uncertainty in any parameter is included. In biodiesel production, there are inherent uncertainties
arising due to variation in initial composition, operating parameters, and mechanical equipment design
that can have a significant impact on the product quantity, quality and process economics. Thus, one of
the most influential uncertainties in this process is the feed composition since the percentage and type of
triglycerides in biodiesel composition varies considerable. In this work, the optimal control for biodiesel
production in a batch reactor developed in Part 1 is extended to a problem when uncertainty in the feed
composition is considerably. Under control of reactor temperature, we applied a numerical method,
based on the Steepest Ascent of Hamiltonian to solve the stochastic optimal control problem that
involved the application of Ito processes and the stochastic maximum principle. It has been found that
the temperature profile obtained using deterministic optimal control is robust in the face of feed
composition uncertainties also.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction the operation of the transesterification reactors involves some dif-
Optimal control problems have been a subject of academic re-
search and industrial applications [1,2]. The solution of these prob-
lems involve finding the time dependent profiles of the control
variable so as to optimize a particular performance index such as
maximum concentration of a desired product or minimum reaction
time, and its techniques are traditionally applied for the optimiza-
tion of several operations. For instance, it was shown in Part 1 of
this series paper [3] that optimal control provides an improvement
in the effectiveness of batch processes by decreasing the reaction
time by 69.5%. However, the scope of this problem was fixed to
the deterministic case where no uncertainty was considered. In
contrast, biodiesel production is subject to uncertainties arising
out of different parameters that can significantly affect the product
quantity, quality, and process economics. Some of the sources of
uncertainties in the biodiesel production are the variation of feed
composition of vegetable oils, the ratio of methanol to oil, and
the reactor operating parameters. Particularly, the feedstock
composition is highly variable and even in the same feedstock
the range of a single component is very broad [4–6]. Moreover,
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ficulties that can be associated with frequent overshoot of reaction
temperature, oscillation of its internal pressure, the variation in the
reactor conversion, and fluctuation in the cooling jacket tempera-
ture [7], which are also considered as disturbances to the reactor.
These issues make the optimal control problem more challenging.
In the second part of this paper series, we are considering uncer-
tainty in variation in the feedstock composition. However, under
uncertainty conditions, the optimal control problem becomes more
difficult since the mathematical model of the process dynamic is
not expressed in the conventional sense and cannot be manipu-
lated using techniques such as calculus of variation, dynamic pro-
gramming, and maximum principle. As a result, we introduce the
stochastic processes in order to solve these types of problems.

The first part of this paper series summarized some works in opti-
mization of biodiesel production that researchers have addressed
before [3]. However, most of these articles deal with deterministic
optimization models where all the parameters are considered
known. On the other hand, few papers have regarded uncertainty
in the biodiesel production [8–10]. For instance, Leão et al. [8] deals
with the uncertainties of the facility location planning applied to
biodiesel supply chain of vegetables oils. They presented an inte-
grated analysis of this supply chain for the production of biodiesel
fuel sourced from family-owned farms, regarding the production
and transport of grain and vegetable oils. Three different approaches
were proposed in this work. The first approach consists of a two-
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Nomenclature

Ci concentration of component i (mol/L)
dz increment of Wiener process
E() expectation value
et unit normal distribution
Fi right hand side of equation i
gi variance parameter of component i
H Hamiltonian

ki reaction constant of i reaction (L/mol min)
R universal gas constant (cal/mol K)
T temperature (K)
t time (minutes)
Dt delta time
tf final time
zi,xi adjoint variables of component i

P.T. Benavides, U. Diwekar / Fuel 94 (2012) 218–226 219
stage stochastic programming with recourse. The other two consist
of robust approaches, considering absolute and adjustable robust-
ness criteria. The uncertainty of the model takes into account the
productivity rate variability of the grain producers, mainly due to
climatic conditions. Meyer [9] describes recent development in US
biofuel markets and a set of market projections. Here a stochastic
analysis is used to demonstrate the wide range of possible outcomes
for biofuel and agricultural market and its impact on high energy
prices and food security. The uncertainty is introduced through
petroleum prices. This study was developed by the Food and Agricul-
tural Policy Research Institute (FAPRI). They present the FAPRI sto-
chastic model of the US agricultural sector, which was based on a
simplification of the deterministic model. The stochastic model
was a non-spatial, partial equilibrium model covering markets for
major grains, oilseeds, and their derivatives. Finally, Schadeand
et al. [10] investigates whether a model-based analysis allows for
a clear evaluation of biofuel policies despite prevalent uncertainties.
These uncertainties are represented in the rapid increase of both oil
and feedstock prices in 2007 and 2008 and the performance and
costs of advanced biofuels. In this work, a risk assessment was ap-
plied to the biofuel model BioPOL, which was a recursive dynamic
model that determines the level of biofuel production in the Euro-
pean Union. A Monte Carlo simulation method was used. However,
none of the previous works considered time dependent uncertain-
ties as a result of the feed composition variability or considered time
dependent decisions like temperature profile. Recently, we have
shown [11–14] that in batch reactor and batch distillation static
uncertainties can result in dynamic uncertainties and these uncer-
tainties can be represented by Ito processes. Stochastic optimal con-
trol methods can then be used to obtain optimal control profiles. In
this paper, we have considered the feed composition variabilities
resulting in time dependent uncertainties in the concentrations.
Ito processes are employed to represent these uncertainties and
the stochastic optimal temperature profile is calculated by using
the stochastic maximum principle.

The present article is arranged in the following order. In Section
2, uncertainties in feed composition for the batch reactor model is
explained for the case of biodiesel production. Section 3 presents
the application of Ito process for capturing the uncertainty. The
stochastic maximum principle is used in Section 4 as the solution
technique. Section 5 is dedicated to the results and discussion
based on the case study and Section 6 presents a sensitivity analy-
sis. Finally, Section 7 presents the conclusions.
2. Uncertainty in biodiesel feedstock

Transesterification reaction of animal fats or vegetable oils is
the most commonly used method for converting oils to biodiesel
where soybean oil is a popular raw material [15]. The mathemati-
cal model for the production of biodiesel in a batch reactor is
governed by Ordinary Differential Equations (ODE’s) derived from
its mass balance [16,17]. The transesterification reaction consists
of a number of consecutive reversible reactions wherein the tri-
glycerides are converted stepwise to diglycerides, monoglycerides
and glycerol and one mole of ester is liberated at each step. The tri-
glyceride composition existing in soybean is very broad and con-
tains five types of hydrocarbon chains which are tripalmitin (6–
10%), tristearin (20–30%), triolein (2–5%), trilinolein (50–60%) and
trilinolenin (5–11%) [6]. Type and amount of triglycerides in the
feedstock varies considerably because of nature as a bio-based
material [18]. This variation is important to consider in the biodie-
sel production since it can affect the design, modeling, and control
of the process. The variability in the feed composition turns out to
be one of the most influential parameters in the process. This
uncertainty can be modeled using probabilistic techniques, and
can be propagated using stochastic modeling iterative procedures,
which involve the following four steps [19]:

1. Specifying uncertainties in the model parameters in terms of
probability distributions.

2. Sampling the distribution of the specified parameter.
3. Propagating the effects of the uncertainties through the model,

and
4. Applying statistical techniques to analyze the results.

2.1. Specifying the uncertainty in terms of probability distribution

In order to model a system under uncertainty, a quantitative
description of the expected variations must be established. Thus,
probability distribution functions can be used to characterize the
uncertainty. These distributions define the rule for describing the
probability measures associated with the values of uncertain
variable. Fig. 1 shows the probability distribution for the compo-
sition of the five triglycerides presented in soybean. The proba-
bility distribution used to represent the uncertainties in the
feedstocks composition is the modified form of uniform distribu-
tion, which is uniform⁄ (uniform Star). A more complete review
of the characterization may be found in [19]. According to [19],
this distribution is better than a uniform distribution because it
allows several intervals of the range to be distinguished and cap-
tures the range of values in a single feedstock source.
2.2. Sampling technique

After assigning the probability distributions to the uncertain
parameters, the next step is to perform a sampling operation.
Several techniques are available; nevertheless, in this paper Latin
Hypercube Sampling (LHS) technique was employed. LHS provides
precise estimates of the distribution function compared with other
techniques like Monte Carlo techniques. In the LHS method, a distri-
bution is divided into non-overlapping intervals of equal probabil-
ity and one sample from each interval is selected at random with
respect to the probability density in the interval [2,20]. LHS guaran-
tees that the values from the entire range of the distribution are



Fig. 1. Probability distribution for composition of triglycerides (this figure was taken from Abbasi, S. and Diwekar, U).
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sampled in proportion to the probability density of the distribution.
The procedure to select samples using LHS is described in [20].
Thus, 100 samples for the feed composition (initial triglycerides
concentration) were generated.

2.3. Propagating the uncertainty through the model

The next step is to propagate the uncertainties through the
batch reactor model. Based on the stochastic modeling framework
[14], the output variables of interest are collected for the first iter-
ation. Then, the simulation is repeated for a new set of samples se-
lected from the probabilistic input distributions. All observations
are evaluated through the simulation cycle for a specified number
of times (typically 100) and the output variables are used to gener-
ate an approximation of the cumulative probability density func-
tions. The stochastic simulation in the batch reactor is run at
each sample point, and hence, 100 samples for initial concentration
of triglycerides are propagated into the model. Fig. 2 presents the
variation of concentrations for each component with respect to
time for each sample. It can be seen from the figure how the vari-
ation in the feed composition affects the concentration for each
component showing that the static uncertainties result in dynamic
uncertainties in concentration. For instance, in the methyl ester
case (biodiesel), at 100 min of reaction time the concentration
can take values between 0.42 to 1.87 mol/L. The thick black line
in each profile represents the average value of concentration which
was the profile used in the deterministic case [3].

3. Capturing the uncertainties with Ito processes

In the previous work by our group [11,12], it was shown that
stochastic processes called the Ito process can be used to represent
dynamic uncertainties in batch reactor and batch distillation
column. These Ito processes are widely used in financial literature
[21] to describe time dependent uncertainties. This section deals
with characterizing the time dependent uncertainties shown in
Fig. 2 as Ito processes so that the optimal control problem under
uncertainty can be solved using the stochastic maximum principle.

A stochastic process is a variable that evolves over time an
uncertain way [2]. One of the simplest examples of a stochastic
process is the random walk process, in which a random variable
begins at a known value and takes a jump in either direction with
a probability of 50%. A continuous version of the discrete random
walk is the Wiener process. Three important properties that char-
acterize a Wiener process [21] are:

� It follows the Markov property, the probability distribution for
all future values of the process depends only on its current
value.
� It has independent increments. The probability distribution for

the change in the process over any time interval is independent
of any other time interval.
� Changes in the process over any finite interval of time are nor-

mally distributed with a variance which is linearly dependent
on the length of time interval, dt.

Stochastic processes cannot be manipulated using the ordinary
rules of calculus since time derivatives are not available in the con-
ventional sense [22], thus; Ito processes can be used to overcome
this situation. An Ito process is a stochastic process that is widely
used to solve stochastic differential equations and is a particular
form of the Wiener process. This Ito process defines a particular
kind of uncertainty characterization based on the Wiener process.
The simplest generalization of an Ito process is the Brownian mo-
tion with drift.

An Ito process is defined by:

dx ¼ aðx; tÞdt þ bðx; tÞdz ð1Þ
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Fig. 2. Concentration profiles for each component of biodiesel production.
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where dz is the increment of the Wiener process equal to et
p

Dt, and
a(x, t) and b(x, t) are known functions. The random value et has a
unit normal distribution with zero mean and standard deviation
of one. For the case study in this paper, a simplification of Eq. (1)
is used to represent time dependent uncertainties in the concentra-
tion for each component, known as the Brownian motion with drift
[2,21]:

dCi ¼ FiðC; tÞDt þ giet

ffiffiffiffiffiffi
Dt
p

ð2Þ

where Ci represents the state variable, which is the concentration
for each component. Fi(c, t) is the right hand side of the differential
equation1 for the concentration of components i and gi, which are
the variance parameters. Over any time interval Dt, the change in
Ci is normally distributed [2] and the value of gi can be calculated
by computing the square root of the variance of the differences in
Ci and divided by the interval time Dt, as is illustrated in Eq. (3):

gi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðDCiÞ

Dt

r
ð3Þ

The discrete form of Eq. (2) is expressed for each component as:

CTGðt þ 1Þ ¼ CTGðtÞ þ F1ðC; tÞDt þ gTGet

ffiffiffiffiffiffi
Dt
p

ð4Þ

CDGðt þ 1Þ ¼ CDGðtÞ þ F2ðC; tÞDt þ gDGet

ffiffiffiffiffiffi
Dt
p

ð5Þ

CMGðt þ 1Þ ¼ CMGðtÞ þ F3ðC; tÞDt þ gMGet

ffiffiffiffiffiffi
Dt
p

ð6Þ
1 The mathematical model for the production of biodiesel in a batch reactor is
governed by the ordinary differential equations presented in [3] which are derived
from the mass balance of the batch reactor.
CEðt þ 1Þ ¼ CEðtÞ þ F4ðC; tÞDt þ gEet

ffiffiffiffiffiffi
Dt
p

ð7Þ

CAðt þ 1Þ ¼ CAðtÞ þ FsðC; tÞDt þ gAes
ffiffiffiffiffiffi
Dt
p

ð8Þ

CGLðt þ 1Þ ¼ CGLðtÞ þ F6ðC; tÞDt þ gGLes
ffiffiffiffiffiffi
Dt
p

ð9Þ

where CTG, CDG, CMG, CE, CA, and CGL are the concentrations of triglyc-
erides, diglycerides, monoglycerides, methyl ester, methanol, and
glycerol, respectively. The differential equations corresponding to
each component (i) are presented in part I of this paper series.

Fig. 3 shows the Ito process representation (Brownian motion
with drift) of time-dependent uncertainties in the concentration
for each composition. The comparison of Figs. 2 and 3 show that
the time dependent uncertainties resulting from the feed composi-
tion can be easily captured by the Ito process represented by Eqs.
(4)–(9).

4. Stochastic maximum principle

In previous work [3,12,23], it was mentioned that the maximum
principle can be employed to solve optimal control problems. This
approach requires addition of adjoint variables, corresponding ad-
joint equations, and the Hamiltonian [2]. However, since we are
dealing with uncertainties (stochastic processes), this approach
needs to be extended to the stochastic case. The optimal control
problem formulation for the stochastic case of biodiesel production
in a batch reactor is presented next. The objective is to maximize
the expected value of concentration of methyl ester (biodiesel),
considering the uncertainties in the feed composition by finding
the best temperature profile in a given reaction time. For this case
study, we use 100 min as before of reaction time since it has been



0 20 40 60 80 100
0

0.1

0.3

0.5

0.7

Triglycerides
C

on
ce

nt
ra

tio
n 

(m
ol

/L
)

0 20 40 60 80 100
0

0.02

0.04

0.06

Monoglycerides

Boundaries

0 20 40 60 80 100
0

0.05

0.1

0.16
Diglycerides

Boundaries

0 20 40 60 80 100
0

0.5

1

1.5

2
Methyl Ester

0 20 40 60 80 100
0

1

2

3

4

Methanol

0 20 40 60 80 100
0

0.2

0.4

0.6

Glycerol

Time (min)

Fig. 3. Concentration profiles for each component of biodiesel production after applying Ito processes.
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found that the yield reaches a maximum at the reaction time of
less than 90 min [4,15].

Objective function:

max L ¼ E
Z tf

t0

k1CTGCA � k2CDGCE þ k3CDGCA � k4CMGCE

�

þk5CMGCA � k6CGLCE

�
dt

In other words,

max L ¼ E½CEðtf Þ� ð10Þ

Subject to an Ito process (Eqs. (4)–(9)):

dCi ¼ FiðC; tÞDt þ giet

ffiffiffiffiffiffi
Dt
p

ð11Þ

where E [] is the expected value.
The corresponding optimality condition for Eq. (10) is:

0 ¼max
Tf

1
dt

EðdLÞ
� �

ð12Þ

To work with stochastic processes, one must make use of Ito’s
lemma, which allows us to differentiate and integrate functions
of the stochastic process [2,21]. This lemma is called the funda-
mental stochastic calculus theorem and it is the stochastic calculus
counterpart of the chain rule in ordinary calculus. Therefore, Ito’s
lemma is easier to understand as a Taylor series expansion. For in-
stance, suppose that x(t) follows the process of Eq. (1), and we
would like to find the total differential of this function, dF. The
usual rules of calculus define this differential in terms of first-order
changes in x and t, but suppose that we also include high-order
terms for changes in x:

dF ¼ @F
@t

dt þ @F
@x

dxþ 1
2
@2F
@x2 ðdtÞ2 þ 1

6
@3F
@x3 ðdxÞ3 þ . . . ð13Þ

In ordinary calculus, these high-order terms all vanish in the
limit. For an Ito process following Eq. (1), it can be shown that
the differential dF is given in terms of the first-order changes in t
and the second-order changes in x. Hence, Ito’s lemma gives the
differential dF by substituting Eq. (1) and (dz)2 = dt in Eq. (13):

dF ¼ @F
@t
þ aðx; tÞ @F

@x
þ 1

2
b2ðx; tÞ @

2F
@x2

" #
dt þ bðx; tÞ @F

@x
dz ð14Þ

Thus, applying the Ito’s lemma to Eq. (12) results in:

0 ¼ @L
@t
þ
X6

i¼1

@L
@Ci

FiðCt; TtÞ þ
X6

i¼1

g2
j

2
@2L

@C2
i

þ
X6

i–j

g2
i g2

j
@2L

@Ci@Cj
ð15Þ
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where Tt represents the optimal solution to the maximization prob-
lem and gi is the variance parameter of the state variable Ci. Note
that if the uncertainty terms in Eqs. (4)–(9) are not correlated, the
last term in Eq. (15) can be eliminated.

0 ¼ @L
@t
þMax

@L
@CTG

F1 þ
@L
@CDG

F2 þ
@L
@CMG

F3 þ
@L
@CE

F4 þ
@L
@CA

F5

�

þ @L
@CGL

F6 þ
g2

TG

2
@2L

@C2
TG

þ g2
DG

2
@2L

@C2
DG

þ g2
MG

2
@2L

@C2
MG

þ g2
E

2
@2L

@C2
E

þ g2
A

2
@2L

@C2
A

þ g2
GL

2
@2L

@C2
GL

#
ð16Þ

where @L
@Ci

and @2L
@C2

i
are adjoint variables zi and xi for triglycerides,

diglycerides, monoglycerides, methyl ester, methanol, and glycerol.
The adjoint variables xi come from the randomness considered in
the problem.

The Hamiltonian:

H ¼ z1F1 þ z2F2 þ z3F3 þ z4F4 þ z5F5 þ z6F6 þ
g2

TG

2
x1

þ g2
DG

2
x2 þ

g2
MG

2
x3 þ

g2
E

2
x4 þ

g2
A

2
x5 þ

g2
GL

2
x6 ð17Þ

The adjoint equations to be solved in the stochastic maximum
principle formulation are:

dzj

dt
¼
X6

i¼1

� @Fi

@Cj
Zi �

1
2

@g2
i

@Cj

� �
xi

� �
ð18Þ

dxj

dt
¼
X6

i¼1

�2xi
@Fi

@Cj
� zi

@2Fi

@C2
j

� 1
2

@2ðg2
i Þ

@C2
j

 !
xi

" #
ð19Þ

where the boundary conditions are: z(tf) = c(constant) and x(tf) = 0.
Finally, the optimal decision vector T(t) can be obtained by find-

ing the extremum of the Hamiltonian at each time step, in other
words, applying optimality condition dH/dT < Tolerance. As it can
be seen, the initial conditions for state variables Ci are known but
the conditions for the adjoint variables are only known at the final
boundary, which address this problem as a two point boundary va-
lue problem. Based on the solution technique presented in [3], a
modified algorithm is used to solve this problem. In this case, the
derivation of the Hamiltonian includes its derivatives with respect
of the adjoint variables xi. Appendix A shows the calculation of the
derivation of the Hamiltonian for the stochastic case.
5. Results and discussion

The derivative of the Hamiltonian at different iterations is pre-
sented in Fig. 4. As it is shown in this figure, the values of the deriv-
atives decreases as the iteration increases, until the stopping
criterion is reached (when the gradients are less than 1.9 � 10�3).
The reason of deciding this value is because the reaction tempera-
ture cannot exceed the boiling point of methanol (338 K at atmo-
spheric pressure) due to the risk of leak out of alcohol through
vaporization [15] and the value of tolerance is small enough.
Twelve iterations were sufficient to obtain the optimal temperature
profile that is shown in Fig. 5.

Fig. 5 shows how the temperature varies with time. In the first
two iterations the temperature remains between 323 and 324 K;
however, from iteration three, the temperature values start to have
appreciable change. Thus, temperature values go higher between
minutes 10 and 20, and then decrease until minute 80. After
90 min, these values increase again, especially for the last itera-
tions. This behavior results from the values found of derivatives
of Hamiltonian as was presented in Fig. 4. Comparing Figs. 4 and
5, it can be observed that as the gradient profiles decrease as the
temperature profiles increase.

Fig. 6 summarizes the optimal temperature profile found for the
two cases of study, deterministic [3] and stochastic case, where
the deterministic case uses the deterministic profile obtained in
the first part of this paper series. These two profiles are similar
at the beginning of the reaction, however, after 10 min the stochas-
tic profile reaches higher temperatures due to the derivatives of
Hamiltonian reach lower values in the stochastic case. The maxi-
mum temperature reached is 336.6 K, which still lower than the
boiling point of methanol, then the temperature starts to decrease
until 68 min, when, unlike to deterministic case, increases again.

Fig. 7 shows the comparison of concentration profiles between
stochastic and deterministic optimal case. These profiles are ob-
tained by propagating them through the stochastic model for both
cases. Further, these two cases are also compared with the base
case constant temperature profiles: 323 K and 315 K (using sto-
chastic model). The figure shows how the expected value of methyl
ester concentration varies with respect of time and temperature
for the different cases. For instance, at 100 min of reaction time,
the concentration of methyl ester under uncertainty reaches its
maximum concentration (0.7925 mol/L). Comparing the stochastic
and deterministic case profiles, it can be seen that concentration
values of stochastic case are greater than deterministic only be-
tween 10 and 50 min, where the temperature values are also great-
er according to Fig. 6. However, from this time to the moment
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Fig. 7. Comparison of concentration profiles of methyl ester.

Fig. 8. Minimum and maximum values of temperature for the two cases.

Table 2
Sensitivity analysis results.

Case Actual value of
variance (gi)

Modification Concentration of methyl ester
at 100 min (Stochastic case)

1 gTG = 0.003 gTG = 0.006 0.7922
2 gDG = 0.004 gDG = 0.008 0.7919
3 gMG = 0.0016 gMG = 0.003 0.7902
4 gCE = 0.005 gCE = 0.009 0.7906
5 gA = 0.051 gA = 0.090 0.7946
6 gGL = 0.012 gGL = 0.020 0.7906
7 (step size) h = 0.01 h = 0.005 0.7889

Fig. 9. Comparison of concentration profiles of methyl ester after changing the
variance.
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when the reaction finishes, no appreciable change is observed
between these two cases and at 100 min of reaction time the incre-
ment is just 0.47% using the stochastic profile. Table 1 summarizes
the information presented in Fig. 7. As it is shown in this table, the
stochastic profile gives 8.47% improvement to the constant tem-
perature case (315 K) and 1.62% to constant temperature case
(323 K). This latter percentage is not significant since is a constant
optimal profiles reported in the literature [15]. However, if we con-
sider the minimum time problem, the stochastic optimal profile
reaches the desired concentrations of the base cases (0.7306 mol/
L and 0.7799 mol/L) at 27 min and 56 min, which represent a
reduction of 73% and 43%, respectively. On the other hand, to reach
the concentration value of 0.7799, the stochastic and deterministic
case will take 56 min in both situations. The behavior of the two
optimal cases is almost the same, which shows that the uncer-
tainty in the feed composition does not influence the final optimal
time even if the profiles are different. This shows that the stochas-
tic optimal solution is robust in feed composition uncertainties.

Finally, Fig. 8 shows the minimum and maximum bounds of the
concentration of methyl ester for the two optimal cases. These
bounds allow us to determine the ranges of values that concentra-
Table 1
Results of comparison between stochastic, deterministic and constant temp

Case Expected value methyl
ester concentration (at 100 minutes)

% In
stoc

Stochastic 0.7925 N.A
Deterministic 0.7888 0.47
Constant temp (315 K) 0.7306 8.47
Constant temp (323 K) 0.7799 1.62
tion can take in the process. At 100 min of reaction time the con-
centration of deterministic optimal case varies from 0.42 to
1.83 mol/L; meanwhile, in the stochastic case, the value varies
from 0.43 to 1.68 mol/L.
erature cases.

crement in
hastic case

Time to reach
0.7306 mol/L (minutes)

Time to reach
0.7799 mol/L (minutes)

27 56
30 56
100 N.A
55 100
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6. Sensitivity analysis

In order to confirm the robustness of the optimal control profile,
a sensitivity analysis is carried out through a series of multiple
runs by changing the variances (gi) in Eqs. (4)–(9). Seven cases
were studied. In the first six cases, we only changed the variance
for each component; however, in the last case, just the step size
was changed. These variations are summarized in Table 2.

The changes on the variance depend on the stochastic simula-
tion presented before. These values have been slightly changed
with respect to the originals and we took into account that the pro-
files must remain inside the boundaries presented in Fig. 3. As it
can be observed from Table 2, the new values of methyl ester
concentration do not have appreciable change compared with the
original value (0.7925 mol/L at 100 min of reaction time). This con-
clusion is also reflected in Fig. 9, where the concentration profile
for case 7 is shown. Again, at 100 min, the concentration of methyl
ester in the stochastic case has a slight change (from
CE(tf) = 0.7925 mol/L to 0.7889 mol/L).

7. Conclusions

In this article, the stochastic maximum principle was employed
in order to determine the optimal temperature profile for biodiesel
production in a batch reactor under feed variability. The most
important aspect of this paper was to solve the stochastic optimal
control problem which involved the application of the Ito pro-
cesses, Ito’s lemma, and the stochastic maximum principle. In
addition, two cases, deterministic and stochastic, were analyzed
and compare with two base cases (constant temperature 323 K
and 315 K). As it was shown, the stochastic problem resulted in a
slightly different temperature profile but the concentrations
showed no major difference between them. On the other hand,
the application of both optimal control problems brought signifi-
cant improvement in the process when were compared with the
base cases. These results showed that the optimal profiles are
robust in the presence of uncertainties in feed composition.
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Appendix A. Appendix

A.1. Calculation of the derivative of the Hamiltonian

In this section, an analytical approach is presented in order to
calculate the derivative of the Hamiltonian to determine the opti-
mal temperature trajectory for this problem. A similar approach
was presented in the first part of this paper series [3]. Applying
the stochastic maximum principle presented in Section 4:

The Hamiltonian:

H ¼ z1F1 þ z2F2 þ z3F3 þ z4F4 þ z5F5 þ z6F6 þ
g2

TG

2
x1

þ g2
DG

2
x2 þ

g2
MG

2
x3 þ

g2
E

2
x4 þ

g2
A

2
x5 þ

g2
GL

2
x6 ðA1Þ

The adjoint equations are computed using Eqs. (18) and (19), for
instance, the adjoint equation for triglycerides (z1) is represented
by Eq. (A2) and the adjoint equation due to the randomness (xi)
by Eq. (A3):

dz1

dt
¼ z1k1CA � z2k1CA � z4k1CA � z4k1CA þ z5k1CA �

1
2

�ðð0Þx1 þ ð0Þx2 þ ð0Þx3 þ ð0Þx4 þ ð0Þx5 þ ð0Þx6Þ ðA2Þ
dx1

dt
¼ 2x1k1CA � 2x2k1CA � 2x4k1CA þ 2x5k1CA � z1ð0Þ

� z2ð0Þ � z3ð0Þ � z4ð0Þ � z5ð0Þ � z6ð0Þ �
1
2
ðð0Þx1

þ ð0Þx2 þ ð0Þx3 þ ð0Þx4 þ ð0Þx5 þ ð0Þx6 ðA3Þ

With the following boundary conditions:

ziðtf Þ ¼ ½0; 0; 0; 1; 0; 0�

xiðtf Þ ¼ ½0; 0; 0; 0; 0; 0�

Applying the total derivative in Eq. (A1), we can calculate ana-
lytically the derivative of the Hamiltonian as:

dH
dT
¼
X6

i¼1

@H
@Ci

dCi

dT

� �
þ
X6

i¼1

@H
@zi

dzi

dT

� �
þ
X6

i¼1

@H
@xi

dxi

dT

� �
ðA5Þ

Considering the following expressions:

hi ¼
dCi

dT
ðA6Þ

Ui ¼
dzi

dT
ðA7Þ

xi ¼
dxi

dT
ðA8Þ

Substituting Eqs. (A6)–(A8) into Eq. (A5) results in:

dH
dT
¼
X6

i¼1

@H
@Ci

hi þ
X6

i¼1

@H
@zi

/i þ
X6

i¼1

@H
@xi

ui ðA9Þ

Applying the following property for each component:

d
dT

dCi

dt

� �
¼ d

dt
dCi

dT

� �
¼ dhi

dt
ðA10Þ

d
dT

dzi

dt

� �
¼ d

dt
dzi

dT

� �
¼ d/i

dt
ðA11Þ

d
dT

dxi

dt

� �
¼ d

dt
dxi

dT

� �
¼ dui

dt
ðA12Þ

With the following boundary conditions:

hðt0Þ ¼ ½0;0;0;0;0;0�
/ðtf Þ ¼ ½0;0;0;0;0;0�
uðtf Þ ¼ ½0;0;0;0;0;0�

Finally, six differential equations of (A10)–(A12) will result. A
numerical method, such as Runge Kutta Fehlberg, is used to solve
these equations: forward integration for Eq. (A10) and backward
integration for (A11) and (A12).
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